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Abstract

This paper presents a technique for color-shading offset surfaces of CSG
models. The offset surfaces are generated by first scan converting the
CSG model into a distance volume. A distance volume is a volume
dataset where the value stored at each voxel is the shortest distance to
the surface of the object being represented by the volume. Extracting iso-
surfaces from the distance volume at various offset values produces the
offset surfaces. The CSG model scan conversion process also produces
closest-point and color volumes. The closest-point volume contains at
each voxel the closest point on the scan converted CSG model from that
voxel location. The color volume contains at each voxel the associated
color on the CSG model at the closest point. During rendering of the off-
set surface, the color volume values are used to shade regions of constant
color, and the closest point values are used to supersample the surface
colors of the CSG model in order to anti-alias regions of changing color.

1 Introduction

Creating offset surfaces is an important problem in computer graphics and
computer-aided design. Calculating an offset surface to a geometric model
is a central operation when determining cutter paths for computer-controlled
milling machines. Generation of an offset surface is also a useful function for
geometric modeling. Most offset surface methods focus on simply generating
the geometric description of the surface. Offsetting and utilizing the color
information from the original surface of the CSG model is also important for
producing a complete computer graphics solution, which includes both new
geometric and shading properties.

This paper presents a technique for offsetting both the surface shape and
surface color of a complex Constructive Solid Geometry (CSG) object. An off-
set surface to a CSG model may be generated by first scan-converting the CSG
model into a distance volume. A distance volume is a volume dataset which
contains, at each voxel, the shortest distance from the voxel to the object being
represented. A polygonal representation of the offset surface is produced by



extracting the iso-surface running through the distance volume at the offset
value with the Marching Cubes algorithm [14]. We extend a previously pub-
lished method for generating an offset surface to also produce the data required
to color-shade the new surface. A closest-point volume and color volume are
utilized to calculate the appropriate colors on the offset surface. A closest-point
volume stores, at each voxel, the [X,Y, Z] coordinates of the closest point on
the original model’s surface from the voxel. A color volume contains, at each
voxel, the [R, G, B] color of the CSG model at the [X,Y, Z] closest point stored
in the same voxel in the closest-point volume.

Given a polygonal model of an offset surface derived from a distance vol-
ume, along with the color and closest-point volumes derived from the scan
conversion process, the model may be color shaded by conceptually imbedding
it within the color and closest-point volumes. When the polygonal model is
rendered, the color value at any location [X, Y, Z] on the model’s surface may
be retrieved as the interpolated value in the color volume at [X,Y, Z]. If the
color is not constant within a small region around [X, Y, Z] in the color volume,
the information in the closest point volume may be used to supersample the
color in the associated surface region on the original CSG model in order to
produce an average color value for the point [X,Y, Z] on the polygonal offset
model.

The extensions to prior work needed to accomplish this include a number
of new steps: 1) adding checks to ensure proper color calculations when com-
puting a closest point to a CSG model, 2) maintaining the color information
throughout the shortest distance calculations and storing it as a volume, 3) ex-
tending the shader of a ray-tracer to retrieve surface color values from a color
volume, and 4) extending the shader to calculate new closest points and color
values in regions of changing color, using the information from the closest-point
volume.

2 Related Work

A number of 3-D scan conversion algorithms have been previously developed.
These algorithms convert a surface or solid model into a volume dataset. A
subset of them converts polygonal models into volumes [9, 10, 11, 16], another
subset converts curved surfaces [12, 23] while others create volumes from solid
models [20, 26]. A final subset converts one type of volumetric or discrete
representation into another [3, 6, 8, 12]. Many of these algorithms simply
mark the voxels that contain some portion of the surface or solid, while some
calculate the shortest distance from the voxel to the scan-converted object
[3, 6, 8, 9, 16, 23]. An even smaller number of the algorithms attempt to filter
the objects in order to remove aliasing artifacts [23, 26]. Our approach to 3-D
scan conversion [4] is unique in that it directly scan converts CSG models to
produce approximate shortest distance calculations with user-defined sub-voxel
accuracy.

More relevant previous work focuses on color-shading surfaces with com-



plex or no parameterization. Much of this work deals with texture mapping
implicit or complex, unparameterized surfaces. Maillot et al. [15] define a de-
formation process based on energy minimization that lessens the distortion of
texture maps interactively placed on complicated surfaces. Litwinowicz and
Miller [13] provide additional improvements to this work. Agrawala et al. [1]
present an interactive technique for painting unparameterized 3-D polygonal
meshes. Pedersen describes a technique for applying texture maps to implicit
surfaces [17], as well as a general framework for texturing other kinds of sur-
faces [18]. Smets-Solanes [22] places texture maps on animated implicit objects
by wrapping them in a virtual skin and deforming the skin with vector fields
as the underlying objects change over time. Both Tigges and Wyvill [24], and
Zonenschein et al. [27] trace particles through a gradient vector field in order
to produce the parameterization needed for texture mapping implicit surfaces.
Shibolet and Cohen-Or [21] extend Bier and Sloan’s Two-Part Texture Mapping
technique [2] with a discrete dilation process in order to texture map concave
voxel-based objects. Our work is similar to many of these techniques, except
that we do not just use 2-D textures to color our models. We utilize the original
3-D CSG model along with solid color, 2-D image textures and 3-D procedural
textures defined on the model to calculate the anti-aliased color of the CSG
model’s offset surface. This technique may also be used on any surface which
is produced from the distance volume representation of the CSG model.

3 Generating the Distance Volume

A technique for 3-D scan-converting a CSG model into a distance volume has
been described in a previous publication [4]. It has been shown that distance
volumes are useful for a variety of computer graphics applications, including
CSG model evaluation, offset surface generation, and 3-D model metamorpho-
sis. The distance volume scan conversion method has been extended to generate
the information needed to color-shade offset surfaces. The focus of this paper
is these extensions, and a brief description of earlier work is included here for
completeness.

A distance volume is generated in a two step process. The first step calcu-
lates the shortest distance to the CSG model at a set of points within a narrow
band around the evaluated surface. Additionally, a second set of points lying on
the CSG model’s surface, labeled the zero set, is computed. The closest point
in the zero set is associated with each point in the narrow band. The narrow
band and zero set are calculated by traversing the acyclic graph of the CSG
model in a depth-first order, calculating the shortest distance and closest point
to the primitives of the model, and combining sub-component values (with a
set of pre-defined rules) at each non-leaf node of the graph to produce the
closest point on and shortest distance to the complete model from a particular
point. Since this “calculate-and-combine” method only produces valid results
near the surface of the evaluated CSG model, a Fast Marching Method [19] is
then employed to propagate the shortest distance and closest point information
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Figure 1: Evaluation points for a CSG model.
out from the narrow band and zero set to the remaining voxels in the volume.

4 Generating Valid Color Information During
the “Calculate-and-Combine” Step

It is possible that at any node in the CSG graph one or both of the closest
points to its subcomponents do not lie on the final evaluated surface. For
example in Figure 1, the closest points to both A and B from point P6 do
not lie on the final evaluated surface of AU B. Additionally, the closest points
to both A and B from point P13 do not lie on the final evaluated surface of
A — B. These invalid results are detected and removed as a post-process in
the original distance volume scan conversion technique. When generating color
information, it is now crucial to detect these invalid combinations when they
first occur, and to flag them so they do not propagate invalid results up through
the CSG graph during the closest point/shortest distance/color calculations.
A test for invalid combination results is now performed at each non-leaf
node of the CSG graph during the depth-first traversal of the “Calculate-and-
Combine” step of the closest point calculation. The closest point calculated
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Figure 2: A CSG acyclic graph.

at each node is now tested to determine if it lies on the surface of the model
defined by the CSG subtree rooted at the current node. If it does not, the closest
point calculated for that node is marked as invalid; otherwise it is marked as
valid. The node’s closest point is evaluated with the Constructive Cubes (CC)
algorithm [5] to produce this determination. The CC algorithm is a variation
of Tilove’s point classification algorithm for CSG models [25], which returns a
non-negative value less than one when the point is inside the CSG model, one
when the point is on the model’s surface, and a value greater than one when
outside the model. The CC algorithm is used in order to test for a value of
1 4+ ¢, which allows the user to account for round-off errors in the calculations.

The combination rules defined in [4] are only applied at a particular node
if more than one of the closest points calculated from its subcomponents are
valid. The validation test is applied at a particular node if at least one of its
subcomponent’s closest points is valid. If only one subcomponent closest point



is valid, the valid point and the color associated with the point are returned
to the next higher level of the CSG graph. If none of the subcomponents are
valid, no closest point/color information is returned, and the node is marked as
invalid. Ultimately this process produces a valid closest point to the complete
model and the color at that point, or a notification that no valid closest point
can be calculated for the given input point.

The process may be further explained with Figure 2. The closest point
calculation is always valid for leaf nodes (superquadrics in our case) of the
CSG graph. Given that valid closest points are returned for both nodes C
and D to node 5, these results are combined at node 5 using the combination
rules from [4]. The closest point result at node 5 is now tested for validity by
evaluating the closest point with the Constructive Cubes algorithm against the
CSG sub-model defined at node 5. Let’s assume that node 5’s closest point
is invalid, i.e. the closest point does not lie on the evaluated surface defined
by node 5. Now one of closest points from one of node 3’s subcomponents is
invalid (node 5’s) and one is valid (node C’s). The combination rules are not
applied at node 3, because it only has one valid subcomponent. C’s closest
point becomes the closest point for node 3. It is now tested for validity against
the submodel defined at node 3.

5 Maintaining and Storing the Color
Information

While the original distance volume scan conversion method utilized the closest
point information, it was not saved once the distance calculations were per-
formed. Our original scan conversion method was extended to query the CSG
model for its color at each point in the zero set. When a shortest distance value
is calculated for a particular voxel, the closest point on the CSG model and the
color at that point are also associated with the voxel. Once all the voxels have
been processed, the distance, closest-point and color volumes are written out
as separate data files.

6 Color Shading the Offset Surface

A polygonal approximation of the offset surface is generated by applying the
Marching Cubes algorithm [14] to the distance volume with an iso-value equal
to the offset value. As the offset surface expands with an increasing offset
value the color on the surface sweeps out a 3-D solid texture. The color at any
point on the offset surface is defined as the color at the closest point on the
original model from the offset surface point. The color volume is a sampled
approximation of this 3-D solid texture.

Initially, only the color volume was used to shade offset surfaces. In this
method when a specific point [X,Y, Z] on the polygonal model of the offset
surface is shaded, the renderer (a ray-tracer, in our case) retrieves a tri-linearly



interpolated value from the color volume and uses it as the surface color for
that point. The color value is calculated by

C = Cer(1-u)(1—-2v)1-w)+ Cer(u)(1—0)(1—w)+
Crer(1 — u)v(1 — w) + Ceer(u)(v)(1 —w) +
Crre(1 —u)(1 - v)(w) + Cee (u)(1 — v)(w) +
Crec(1 — u)(v)(w) + Cece(u)(v)(w), (1)

where 4 = (X — floor(X)),v = (Y — floor(Y)), and w = (Z — floor(Z)). Cxyz
defines the color value stored at a specific voxel in the color volume. ’f’ and ’c’
designate the floor or ceiling of the X, Y, or Z value used to reference the color.
The distance between adjacent voxel locations is defined to be 1. For example,
if the point on the polygonal surface being shaded is [34.27,129.78, 56.45] the
color at that point would be computed by

C = Caaizes6(l—0.27)(1—0.78)(1 — 0.45) +

Css.120.56(0.27)(1 — 0.78)(1 — 0.45) +

Csa.130,56(1 — 0.27)(0.78)(1 — 0.45) +

Cas.130,56(0-27)(0.78) (1 — 0.45) +

Caa120,57(1 — 0.27)(1 — 0.78)(0.45) +

Css,120,57(0.27)(1 — 0.78)(0.45) +

C34,130,57(1 — 0.27)(0.78)(0.45) +

Css.130,57(0.27)(0.78)(0.45), @)

where Cga4,129,56 signifies the value stored in the color volume at [34, 129, 56].

Using interpolated values from the color volume produced unacceptable
aliased results, as seen in Figure 3. The resolution of the color volume is ap-
proximately a factor of 10 lower than the resolution of the resulting image,
producing severe jaggies evident along the edges of differing colors. The res-
olution of the volumes generated from the X-29 jet model is 96 x 192 x 240.
The resolution of Figure 3 is 1000 x 1000. Computation time and storage
constraints currently prevent us from calculating the volumes at a higher reso-
lution. Therefore other techniques must be used to anti-alias the shaded offset
surfaces.

The jagged artifacts in Figure 3 can be removed by utilizing the closest
point data to supersample and anti-alias those regions of the original CSG
model where the color changes. In the improved scheme when a color value
is needed during rendering, a user-defined number of samples are taken from
the color volume around the [X,Y, Z] location. In the examples in this paper
we sampled at the corners of the cube centered around [X,Y, Z], as well as at
[X,Y, Z], with the length of the edges of the cube equal to one, the distance
between voxels. The color values of these samples are calculated with Equation
1. If all of the color values are the same, the constant color value is returned as
the color of the offset surface at [X, Y, Z]. If any of the sampled color values are
different, a tri-linearly interpolated closest point value is calculated from the



Figure 3: Offset surface shaded with only color volume data.

closest-point volume at the same sample locations. Since these interpolated
points do not necessarily lie on the surface of the original CSG model, the
closest point from each of the interpolated points to the CSG model and the
associated color are calculated using the “calculate-and-combine” step of the
method described in Sections 3 and 4. The colors calculated at all of the
samples are averaged together to produce the final color for [X,Y, Z].

The ray-tracer automatically supersamples and anti-aliases those regions of
the image where large color changes take place. Therefore, our approach quickly
renders those parts of the model where there is constant color values, and only
performs expensive closest point calculations along edges of differing colors.
Since the supersampling of the closest-point volume is driven by the rendering
process, only the extra closest point calculations necessary for proper anti-
aliasing are performed, saving the computation time and storage space that
would be needed to supersample the entire volume.

The complete process of color shading an offset surface is summarized in
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Figure 4: Overview of color-shading procedure.

Figure 4. Distance, color and closest-point volumes are generated from a CSG
model using a 3-D scan conversion algorithm (step 1). An offset surface is
generated from the distance volume using the Marching Cubes algorithm (step
2). The resulting polygonal surface is rendered (step 3). In order to determine
the color at a specific point on the surface, the color volume is sampled around
that location (step 4). If all of the samples are the same color, the color is
used to shade the point on the surface. If the colors are different, the closest
point volume is sampled at the same locations as the color volume (step 5).
The closest points on the original CSG model are calculated for the interpolated
sample points, as well as the color using the “calculate-and-combine” algorithm
(step 6). The colors calculated in step 6 are combined and the average color is
used when rendering the specific point on the polygonal offset surface (step 7).

7 Results

The technique described here has been implemented in our testbed environment
[7] and used to generate and color-shade a number of offset surfaces from CSG
models. Figure 5 presents several offset surfaces of the X-29 jet model. Figure
6 presents these offset surfaces color-shaded with our new method. The jagged
edges of the blue and red stripes on the wings seen in Figure 3 have been anti-
aliased in Figure 6. Figures 7 and 8 contain additional anti-aliased color-shaded
offset surfaces generated from distance, color, and closest-point volumes. The
resolution of the volume representing the dart is 96 x 192 x 240. The resolution
of the CSG model in Figure 8 is 195 x 90 x 120.



Figure 5: Offset surfaces from the X-29 distance volume.

Figure 6: Anti-aliased color-shaded offset surfaces from the X-29 distance, color,
and closest-point volumes.



Figure 7: Anti-aliased color-shaded offset surfaces from a dart CSG model.

Figure 8: Anti-aliased color-shaded offset surfaces from another CSG model.



Conclusion

We have presented a technique for color-shading offset surfaces of CSG models.
The offset surfaces are generated by first scan converting the CSG model into
a distance volume. Extracting iso-surfaces from the distance volume at various
offset values produces the offset surfaces. The CSG model scan conversion
process also produces closest-point and color volumes. During rendering of the
offset surface, the color volume values are used to shade regions of constant
color, and the closest point values are used to supersample the surface of the
CSG model in order to anti-alias regions of changing color.
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