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1 Introduction

Volume graphics is a growing el ha generall in ol es represen ing hree imensional o ec s as
a rec ilinear gri o scalar alues a olume a ase ien his in o represen a ion numerous
algori hms ha e een e elope o process manipula e an ren er olumes Volume a ase sma e
genera e ina arie o wa s er ainscanning e ices eg an genera e a rec ilinear gri
o scalar alues irecl rom heir scanning process he scalar alues can represen he concen ra ion
o waeror he ensi o ma era each gri poin o0 el iionall olume a ases can e
genera e rom con en ional geome ric mo els using a process calle scan con ersion

hen scan con er ing a geome ric mo el o a olume ric represen a ion i is no alwa s clear
wha alueshoul esore a each o elo he olume an wha ha alueshoul represen ere
we propose he use o is ance olumes is ance olume is a olume a ase where he alue
sore a each o elis he shores isance o hesurace o he o ec eing represen e he
olume he o ec isclose asigne isancema esore oproiea iionalinsi eousie
inorma ion esorenegai e aluesinsi e heo ec an posii e is ancesousi e n hischap er
we will escri e an algori hm or genera ing a is ance olume wi hsu o el accurac rom one pe

o geomericmo el a onsruci e oli eomer mo el an we will show ha his peo
olume represen a ion is use ul in a num er o compu er graphics applica ions namel sur ace
e alua ion o se sur ace genera ion an mo el morphing

onsruci e oli eome r mo eling is a well e elope echni ue ha com ines simple
soli primi i es using spa ial oolean opera ions o pro uce comple hree imensional o ec s
ome o he mos commonl use primii esin mo eling are ua rics super ua rics an
close pol gonal o ecs heseprimiiescan ea e su race orinersece wih each o her
ocrea ea arie o soli geome ricmo els hes ruc ure ha isuse o represen a mo el is

or inaril a inar ree helea no eso he reecon ainsoli primii es superellipsoi s in our case
oolean opera ion is associa e wi h each non lea no e an a rans orma ion ma ri is associa e
wi h each arco he ree he inar reema also e eri e roma irece ac clic graph

hile onsruci e oli eomer is a power ul mo eling para igm un or una el is mo eling
represen a ion canno e irecl ispla e on o a s graphics wor s a ions iionall i is a
represen a ion no sui a le or man o her peso mo eling opera ions re uenl he ree or



graph mus rs eealuae an con ere in o a pol gonal sur ace eorei can e in eraci el
ispla e processe or manipula e eha e oun ha rs scan con er ing he mo el in o
a is ance olume allows us o per orm se eral pes o graphics opera ions on he mo el ppl ing
he arching wu es algori hm o he is ance olume an e rac ing he isosur ace a alue ero
pro uces a pol gonal sur ace which appro ima es he e alua e mo el rac ing an isosur ace
a a alue o her han ero pro uceso se suraces o he mo el he is ance olume ma also
euse O per orm mo el morphing n aci eimplici mo el can u ilise he is ance in orma ion
o change rom one shape in o0 ano her i en a olume ric represen a ion o an ini ial o ec an
he 1is ance olume represen ing a secon o ec hesuraceo heiniialo ec ma e eorme
in o he sur aceo hesecon o ec

os olume a ase s con ain scalar alues a each o el u muli imensional olume ric mo els
are ecoming more pre alen n hese mo els a ec or or ensor is s ore a each gri poin his
mul i imensional a a can also e o aine rom scanning e ices an genera e rom numerical
simula ions similar o heir scalar coun erpar s iionall speci ¢ peso ecor aacan e
pro uce uring he scan con ersion process in our case closes poin an colour a a  closes
poin olume s ores a each o el he coor ina es o he closes poin on he scan con er e
0 ec s surace rom he o el colour olume con ains a each o el he colour o
heo ec a he closes poin s ore in he same o el in he closes poin olume he
closes poin an colour olume a ama euse o colour sha e pol gonal sur acese race rom
he associa e is ance olume he eri e pol gonal sur ace ma e colour sha e concep uall
im e ingi wihin he colour an closes poin olumes hen he pol gonal sur ace is ren ere
he colour alue a an loca ion on hemo elssuracema ererie e as hein erpola e
alue in he colour olume a he colour is no cons an wi hin a small region aroun
in he colour olume hein orma ionin he closes poin olumema euse o supersample
he colour in he associa e sur ace region on he original mo el in or er o pro uce an a erage
colour alue or he poin on he pol gonal mo el

is ance closes poin an colour olumes ma e genera e in a WO s ep process he rs sep

egins compu ing a se o poin s 1 ing on he mo els sur ace la ele he ero se he
colour o he mo el a each poin is also calcula e he closes poin in he ero se an
i s colour is associa e wi h each gri poin in a one o el narrow an aroun he e alua e
sur ace  he shor es is ance rom each narrow an gri poin o he mo el ma now e
compu e nce he narrow an an ero se are calculae a similar o
e hian s isemplo e o propaga e heshor es is ance closes poin an colour in orma ion ou

o he remaining o elsin he olume e hians approach has een use in he pas o numericall
sol e par ial 1 erenial e uaions u we ha emo i e i o0 use a heuris ic rule or propaga ing
closes poin an colour in orma ion ins ea o calcula ing is ance wi h a nie i erence scheme

he accurac o our me ho epen son a iscre isa ion o he sur ace resolu iono he erose an
isin epen en o he nal olume gri spacing e here ore are a le o calcula e shor es is ance
a resolu ions grea er han he resolu ion o he nal is ance olume

he erose poin s are pro uce per orming closes poin calcula ions rom a gri o user speci e
resolu ion wi hin he narrow an e uilise a ariaion o he onsrucie u es algori hm
an ilo es classi ca ion algori hm o per orm his compu aion he rs sepo he

closes poin compu a ion in ol es calcula ing he closes poin o0 a single superellipsoi primii e
as well as he colour a he closes poin n general his is accomplishe wi h an i era i e minimi
sa ion scheme i en he closes poin s o separa e geome ric primi i es an here ore he shor es

is ances a se o com ina ions rules are applie o merge he is ance alues o he in i i ual
primi i es o pro uce he closes poin an colour on he e alua e mo el nor unael here
are small regions near he mo el sur ace where his calcula e an com ine approach genera es
in ali resul s hese casescan eeasil eece an iscar e

he remain er o he chap er rs presen s rela e wor in scan con ersion an colour sha ing



pol gonalmo els hechap er hen e ails hes epsre uire opro ucea is ance closes poin an

colour olumes genera ing he narrow an o poin s near he mo el sur acean erose on he
sur ace ollowe he propaga ion o he closes poin an colour in orma ion in o he remaining
oelso he olumewih he as arching e ho e hen escri e our colour sha ing me ho
which u ilises he closes poin an colour olumes o calcula e sur ace colour on he pol gonal mo els
e race rom he is ance olumes he nal sec ion presen s he resul s o our scan con ersion
me ho wi hin hree applica ions sur ace e alua ion o se sur ace genera ion an mo el
morphing
.
r 10U or

scan con ersion a es a geome ric mo el a sur ace in orasoli mo el an con er si in o
a olume a a se where o els ha con ain he original sur ace or soli ha e
a alue o one he remaining o els ha e a alueo ero sing he olume sampling me ho s o
angan  au man aliasing ar i ac sma esigni can1 re uce hese me ho spro uce o els
wih alues e ween eroan one where non in eger aluesrepresen o els par iall occupie he
originalo ec cancon er e primii esma hen eren ere or com ine using opera ions
wi h o her scan con er e primii esor ac uire olume aases a nean oga presen a
me ho or calcula ing is ance olumes rom a pol gonal mo el he wuse he is ance olumes o
per orm a arie o sur ace manipula ion as s ensions o0 iscre e is ance rans orms
eg ham er me ho s were consi ere or our wor he were eeme insu cien or our nee s
ecause he ono proi esu o el accurac

ur scan con ersion algori hm i ers rom pre iouse ors o scan con er mo els ecause
we e alua e he parame ric primi i es irecl an com ine he resul sin 0 ec space e ore scan
con ersion his a oi s he sampling errors pro uce when per orming opera ions on scan
con er e primii es ha areseen in o her me ho s he primi i es are rs scan con er e hen
com ine wih opera ions errors ma occur a he oun aries o he primii es where e ac
sur ace in orma ion has een los is also possi le o e alua e he mo el o pro uce a
pol gonal appro ima ion o he nal o ec anean ogasmeho ma euse o hen
calcula e a is ance o he pol gonal mo el e preerre 0 ma e our calcula ions irecl on he
originalmo el an a oi hee rasepo appro ima ing he mo el wi hpol gonsan he errors
associa e wi h calcula ing is ance oa acee mo el ur approach also genera es he a i ional
closes poin an colour in orma ion which ma e use ina arie o graphics applica ions

he rele an colour sha ing wor ocuses on e ermining he colour o sur aces wi h comple or no
parame erisa ion ucho hiswor ealswih e wuremappingimplici or comple unparame erise
sur aces  aillo e al e nea eorma ion process ase onenerg minimisa ion ha lessens he
is or ion 0 e ure maps in eraci el place on complica e sur aces i winowic an iller
pro i ea 1iionalimpro emen s o his wor grawala e al presen anin erac i e echni ue or
pain ing unparame erise pol gonal meshes e ersen escri es a echni ue or appl ing e ure
maps o implici sur aces as well as a general ramewor or e uring o her in s o sur aces
me s olanes places e ure maps on anima e implici o ecs wrapping hem in a
irual s in an eorming he s in wih ecor el sas he un erl ing o ec s change o er ime
oh igges an il an  onenschein e al race par icles hrough a gra ien ec or
el inor er opro uce he parame erisa ion nee e or e ure mapping implici sur aces hi ole
an ohen r e en deran loans wo ar e ure apping echni ue wi h a iscre e
ila ion process in or er 0 e ure map conca e o el ase o ecs ur wor is similar o man
0 hese echni ues e cep ha we ono us use e ures o colour our mo els e uilise he
original mo el along wi h soli colour image e uresan proce ural e ures e ne
on hemo el ocalcula e he an i aliase colour o a pol gonal sur ace eri e rom he mo els



is ance olume

nrtint 1t nc o t oint nd o our
ou

his sec ion escri es he wo ma or componen s o our scan con ersion algori hm

he rs sep

genera es a se o closes poin s an associa e colours on he sur ace o he e alua e mo el

iionall i calcula es he shor es 1is ance o ano her se 0 poin s in a narrow an near he

sur ace hesecon sepusesa as arching e ho opropaga e hisinorma ion o heremaining
o elso he is ance closes poin an colour olumes

he narrow an an

erose nee e or he as
ersion o he

onsruci e u es algori hm an

arching
algori hmin ol es ra ersing he

eho aregenerae wihamoie
ilo es

classi ca ion algori hm he

mo el sac clic graph calcula ing each primi i e s closes poin

an colour alue a he o ellocaion an com ining su componen alues ase on he shor es
is ance a each non lea no e o he graph o pro uce he closes poin

shor es is ance an colour
or he comple e mo el a a par icular o el

he parame ric e ua ion or a superellipsoi is

where an

are helongi u inal an la i u inal parame erso he sur ace are he scaling
ac orsin he an irec ions an an

e ne heshapein helongi u inalan la i u inal
irec ions

he is ance o a poin on he sur ace o a superellipsoi e ne a
is

rom an ar i rar poin

uaring an e pan ing uaion gi es

he closes poin o hesuperellipsoi rom anar irar poin
he alues o

which minimise  ua ion

can hen ecalcula e
escen echni ueu ilising aria les ep si es

n general  ua ion
hese alueso

e ermining
is minimise wi h a gra ien

ma hen eplugge ino uaion



ogi e hecloses poin on he sur ace o he superellipsoi which in urn ma e use o calcula e
he shor es is ance

e eral issues mus e a resse when minimising ua ion irs  he special egenera e cases
0 he superellipsoi mus e eal wih separa el ecause heir sur ace normals are iscon inuous
he mos common cases are he cu oi he ¢ lin er he ou le cone
an he ou le p rami he shor es is ance o hese primii es

ma e eermine wihnonieraie close orm solu ions

in ing he alueso an a hecloses poin wi hagra ien escen echni uein ol escalcula ing
he gra ien o ua ion

nor una el superellipsoi s ha e a angen ec or singulari near alueso or which are mul
iples o 0 0 ercome his pro lem we reparame erise arc leng h ha is

where

an

i en his we can sa

an

we assume ha he arc leng h parame erisa ion is in he same irec ion as he original parame er
isa ion we ha e

an
OW We re € press our s eepes escen on so ha i is s eepes wihrespec o he normalise

parame ers

an

e now can use he gra ien o he reparame erise

o n hecloses poin wih grea ers a ili

he general ormula iono  uaion  signi canl simpli es or alueso an  near mul iples o
nsea o eriing an implemen ing hese simpli ca ions or all regions o he superellipsoi
we chose o onl per orm he calcula ion in he rs oc an ince a
superellipsoi is wa s mme ric poin ma ereee ino he rs ocan he minimisa ion
per orme an he solu ion poin re ece ac ino s original oc an

nce he closes poin is calcula e he colour a ha poin ma e e ermine hree i eren
me ho s  he superellipsoi ma e assigne a cons an colour which is he colour assigne o all
closes poin s on he primii e he alues ma, e use 0 access a e ure map or he
alue o he closes poin ma e use o calcula e a colour rom a proce ural e ure

map



a le nion com ina ion rules

a le n ersec ion com ina ion rules
ale igne is ance i erence com ina ion rules
a le nsi eou si e i erence com ina ion rules
he graph is processe in a ep h rs manner he closes poin an colour on an shor es
is ance oin i i ual superellipsoi s are calcula e a helea no es heresul s rom he non lea
no es su componen § an are hen com ine ase on he shor es is ance alues ince

he su componen s ma e com ine wih a arie o oolean opera ions union in ersec ion an
i erence us choosing he closes poin o he su componen s oesno pro uce he correc resul
imilar o classi ca ion me ho s ase o com ina ion rules are u ilise a each non lea no e
o e aluae he complee mo el an are e ne in a les an he rules are ormula e
or com ining signe is ance alues which ha e no pre e ne limis he alueso an are
nega i einsi eano ec an posii eousi e om inaion ecisionsare ase on hesigne is ances
compu e rom he nonlea no es su componen s iionall he closes poin an colour are
appropria el up ae a eachnonlea no e unil he comple e mo el has een e alua e

he en ries in he a les ha e he ollowing meanings  he con i ions are use when he poin
eing es e agains su componen or isinsi e he su componen an he shor es 1is ance o
ha su componen is negaie he con i ions are use when he poin eing es e agains
su componen or isousi e hesu componen an he shor es is ance o ha su componen
isposii e he con iions are use when he poin eing es e agains su componen or is
on he su componen an heshor es is ance o ha su componen is ero saes ha he
wo alues ma e com ine a ing he ma imum o he alues re urne e alua ing an
saes ha he wo aluesma e com ine a ing he minimum o he wo s aes ha



P11
e P13

P12
igure alua ion poin s or a mo el
he alueso an are com ine a ing he shor es is ance o saes ha he alues
o an are com ine a ing he shor es is ance o saes ha he alueso an
are com ine a ing henegai eo s aes ha hecom ina ion is pro uce

a ing hema imum o he alueo an henegaieo

en hough herangeo hesuperellipsoi sinsi e ousi e is i eren han hesigne is ance

he rules or com iningsigne is ancesare he same as heinsi e ou si e com ina ion rules

or union an in ersec ion use in he original onsruci e u esalgori hm an aregi enin a les

an e aile e plana ion o hese rules ma e oun in he insi eou si e i erence
com ina ionrules a le are i eren han hesigne is ance com ina ionrulesgi enin a le

he onsruci e u escom ina ionrules or i erence ha e eenchange owor wi hsigne
is ancesra her haninsi e ou si e alues an ma ee plaine wih igure oin is he
con iion  he shor es is ance o he e alua e suraceis he shor es is ance o ince is
insi e o he shor es is ance o isnegai e isousi e hee aluae mo el an here ore
mus enegae o pro uce he correc signe is ance n he case is nega i e an
is posii e here ore compares wo nega i e num ers pro ucing he num er wi h he
smalles a solu e alue he correc answer or is  while he correc answer or is is
in an on or erois he correc resul or his com ina ion he com ina ion rule is
also n hiscase 1isposii ean isnegai e an i compares wo posii e num ers
pro ucing he is ance wi h he larges a solu e alue he correc answer a is recalling ha
isnegai e an mus enegae opro uce he correc signe resul  he correc answer a is
is he con iion wih ©proi ing he closes poin o hee aluae mo el
is he con iion wih also eing he correc answer represen s he con i ion
is ero in his case an isnegai e isnega e o pro uce he correc signe is ance is
he con iion which re urns  which is ero he case occurs a he in ersec ion
poin o he woo ecs an re urns  whichis ero

ispossi le ha a an no ein he graphoneor o ho hecloses poins oissu componen s
ono lieon he nale aluae surace ore amplein igure hecloses poins o oh an



-- Leaf Node (superquadric)

-- Non-Leaf Node
(boolean operation)

— - Transformation

igure ac clic graph
rom poin ono lieon he nal e aluae suraceo iionall he closes poins o
oh an rom poin ono lieon he nal e alua e sur ace o hen genera ing
colour in orma ion i is crucial o e ec hese in ali com ina ions when he rs occur an o
ag hem so he o no propaga e in ali resul s up hrough he graph uring he closes

poin shor es is ance colour calcula ions

es orin ali com ina ion resul s is per orme a each nonlea no e o he graph uring
he eph rs raersalo he alculaean om ine sep o he closes poin calcula ion he
closes poin calcula e a eachno eis ese o0 e erminei i lieson hesur aceo hemo el e ne

he su reerooe a hecurren no e i oesno hecloses poin calculae or ha
no eismar e asin ali o herwisei ismar e as ali he no es closes poin ise aluae wih
he onsrucie u es algori hm o pro uce his e ermina ion  he algori hm is a
aria ion o ilo e s poin classi ca ion algori hm or mo els which re urns a non nega i e
alue less han one when he poin is insi e he mo el one when he poin is on he mo els
sur ace an a alue grea er han one when ou si ¢ he mo el he algori hm is use in or er o
es ora alueo which allows he user o accoun orroun o errorsin he calcula ions

he com ina ion rules e ne in a les an are onl applie a a par icular no e i more
han one o he closes poin s calcula e rom i s su componen s are ali he ali aion es is
applie a a par icularno ei a leas one o is su componen s closes poin sis ali onl one
su componen closes poin is ali hecom ina ion rules areno applie an he ali poin an he
colour associa e wi h he poin arere urne o hene higherle elo he graph  noneo he



su componen s are ali no closes poin colour in orma ion is re urne an he no eismar e as
in ali l ima el  his process pro uces a ali closes poin o0 he comple e mo el an he colour
a ha poin oranoi caion ha no ali closes poin can e calculae or hegi eninpu poin

he process ma e ur her e plaine wih igure he closes poin calcula ion is alwa s ali or
lea no es super ua ricsin our case o he graph i en ha ali closes poin s are re urne
or ohnoes an ono e hese resul s are com ine a no e wusing he com ina ion rules
in a les an he closes poin resul a no e isnow ese or alii e alua ing he
closes poin wih he onsrucie u esalgori hm agains he su mo el ene a no e

e sassume ha no e scloses poin isin ali ie he closes poin oesno lie on hee alua e
sur ace e ne no e ow a closes poin rom one o no e ssu componen sisin ali no e

S an oneis ali no e s he com ina ion rules are no applie a no e ecausei onl has
one ali su componen s closes poin ecomes he closes poin or no e isnow ese or

ali i agains hesu mo el e ne a no e

e presen a as arching e ho or compu ing he appro ima e closes poin 0 a sur ace rom
he poin s in a regular gri as well as he colour a he closes poin  hor es is ance in orma ion
ma hen eri e rom he closes poin in orma ion he accurac o he me ho epen s on a
iscre isa ion 0 he sur ace an is in epen en o he olume gri spacing allowing us o calcula e
is ance osu o el accurac

e eno e hesigne is ance rom he close sur ace isawea soluiono he i onal
e ua ion

su ec O

he charac eris ics o ua ion  are s raigh lines ha are normal o or each poin in
space here is a line segmen rom he sur ace o he poin ha is a charac eris ic o he en rop
sa is ingsoluion o he i onale uaion he poin an he closes poin on he sur ace
are he en poin s o his line segmen

e hian has e elope a as arching eel e eho o0sol e he ionale uaion
su ec o

in hecase ha isei heralwa sposii eornegai e heme ho usesanupwin iscosi solu ion

ni e i erence scheme o numericall sol e his e uaion or an he
solu ion gi es he signe is ance rom he sur ace he ini ial con i ion is speci e
gi ing he alueo on anarrow an o poin s aroun he sur ace he is ance aluesin he

remain er o he olume are compu e pushing his narrow an ou war



igure he closes poin heuris ic

o calcula e he closes poin s o asur acean he colour a hose poin s on a regular gri we u ilise
e hians as arching eho u insea o usinga nie i erencescheme ocompu e is ance
we use a heuris ic algori hm o propaga e closes poin an colour in orma ion ns ea o speci ing
he is ance or he poin sin he narrow an as an ini ial con i ion we speci  he closes poin s o
he sur ace  he closes poin s a he remaining o els are hen compu e o he poin samples on
he original sur ace n one s ep o he closes poin an colour me ho

he poin wi h he smalles is ance is remo e rom he narrow an an i s shor es
is ance closes poin an colour alue are ro en

oinsarea e o henarrow an o main ain uni hic ness

he closes poin s 0 he neigh ours wi h larger is ances han are recompu e using he
closes poin in orma ion rom

he closes poin an colour me ho is ase on he ollowingi ea  he closes poin on he sur ace

o apoin in he gri isusuall close ooneo he closes poin s o is neigh oursin he gri hus
i one nows he closes poin so he neigh ourso agri poin one can compu e an appro ima e
closes poin or assuming ha 1 is near one o he closes poin s o is neigh ours his is

onl a heurisic an in igure we see cases in wo imensions or which he heuris ic succee s

an ails n he cases where he heuris ic ails o e ermine he correc closes poin i sill gi esa

reasona le appro ima ion o he is ance  he heuris ic ma aili he charac eris ics rom se eral

i eren por ions o he sur ace in ersec near or una el i he heuris ic ails a a poin his

mis a eis usuall no propaga e ou war o increasing is ances hisis ecause in orma ion in

he i onal e uaion an he closes poin s me ho is propaga e along charac eris ics o ua ion
here charac eris ics colli e in orma ion goes in o he shoc an is los
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igure niial aa or he as arching algori hm

e he e represen e gri s ha span
he space aroun he scan con ere o ec e will reer o poin s in hese olumes wi h
coor inaes e he e an uni orm gri ha spans he same ar esian
omain ereer o heraio as he o he erose gri n mos cases
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is he iame ero hecu e hen recompu ing he is ance all he poin sin he ero
se in a neigh ourhoo aroun  are consi ere as possi le closes poin s
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genera e rom a is ance olume i ionall hree o se sur aces are genera e
appl ing he arching u es algori hm wi h an iso alue grea er han ero igure presens he
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