


qðl jxi ; � Þ  
1 l ¼ argmax

1�h�M L

L hf ðxi j�� h; � Þ

0 otherwise:

(

ð14Þ

2. M Step. Update each parameter for l ¼ 1; . . . ; M L as

L l  
1
N

XN

i¼1

pðl jxi ; � Þ; ð15Þ

�� l  

PN

i¼1
xi pðl jxi ; � Þ

���
PN

i¼1
xi pðl jxi ; � Þ

���
; ð16Þ

�  
N � 1

N �
PN

i¼1

PM L

l¼1
qðl jxi ; � ÞxT

i �� l

: ð17Þ

Note that the number of component distributions is assumed
to be known. Nevertheless, one of the advantages of solving
this inverse rendering problem within the EM framework is
that the optimal number of components, that is, the light
source number ðM L Þ can be determined, as discussed in
Section 3.3.

3.3 Light Source Number Estimation

The problem of determining the number of components in
mixture models has been well studied in the statistical
learning community [6], [33]. For instance, Cang and
Partridge [3] used the Williams’ statistical test to estimate
the number of components in mixtures. Now, let us denote
the parameters of thekth component distribution of the entire
mixture distribution to be estimated with � K

k ¼ fL K
k ; �� K

k ; � K g
ðk ¼ 1; . . . ; K Þ when we assume that the number of mixture
components is K . Then, the Kullback-Leibler divergence
distance between the original vMF mixture density function,
PðxÞ ð¼

PM L
l¼1 L l f ðx j�� l ; � Þ ¼ eI Sðx j � ÞÞ, and the density func-

tion approximated by the estimated parameters � K
k

ðk ¼ 1; . . . ; K Þ, PK ðxÞ ¼
PK

k¼1 L K
k f ðx j�� K

k ; � K Þ, becomes2

DðP;PK Þ ¼
Z 2�

0

Z �

0
PðxÞ log

PðxÞ
PK ðxÞ

sin�d�d�;

¼ �
Z 2�

0

Z �

0
PðxÞ logPK ðxÞ sin�d�d�

þ
Z 2�

0

Z �

0
PðxÞ logPðxÞ sin�d�d�:

The first term � only depends on the number of
components K and their corresponding mixture para-
meters � K

k ðk ¼ 1; . . . ; K Þ and can be approximated as

� ¼ Epð� logPK ðxÞÞ � �
1
N

XN

i¼1

logPK ðxi Þ; ð18Þ

where Epð�Þ denotes the expectation value function, and
fx1; . . . ; xN g ðkxik ¼ 1;8i Þ is the data set consisting of
N samples, as defined in the previous section. Clearly, as
we increase the number of components, K , the estimated
mixture density function becomes closer to the original
density function. This means that the KL divergence
DðP;PK Þ will decrease as we increase K , which in turn
means � decreases asK increases. Thus, intuitively, we can
decide the optimal number of components K by evaluating
the rate of change of � as we vary K .

Now, let YK ¼ � logPK ðxÞ. Then, from (18), the mean,Y
K

,
of YK represents the mean for different group level in
Williams’ test. For a given upper limit eK of the candidate
number of mixture components, the test statistic t i in
Williams’ test is

t i ¼ ðM̂ eK þ1�i
� M̂ eK Þ

	 2s2

N


�1=2
; ð2� i � eK Þ; ð19Þ

where M K ð1� K � eK Þ and s2 are

M̂ K ¼ . . . ¼ M̂ K 0 ¼ max
K 02½K; eK �

XK 0

l¼K

Y
l

K 0 � K þ 1
; ð20Þ

s2 ¼
XeK

K¼1

XN

n¼1

ðYK
n � Y

K Þ2



; ð21Þ

where YK
n is the nth individual in the K th group and 
 ¼

eK ðN � 1Þ [3].
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2. Strictly speaking, we should write PK ðx j� K
1 ; . . . ; � K

K Þ, but we drop
� K

1 ; . . . ; � K
K for simplicity.

Fig. 4. (a) Input image. (b) Specular reflection image. Fig. 5. (a) Illumination sphere computed from Fig. 4b. (b) Illumination
sphere estimated as a mixture of vMF distributions.







rendered correctly. As a result, even with such a relatively
large roughness, we are able to estimate how each light source
separately contributes to the original scene appearance.

4.2 Real Image

We also conducted experiments on real objects. The objects
we use in our experiments are a hemispherical object made of
Fiber Reinforced Plastic (FRP) and a replica of a beetle made
of Polyvinyl Chloride (PVC). Fig. 9 shows an input image for
each object. Note that the specular highlights in Fig. 9b
partially overlap. For each object, color images are captured
using a color CCD video camera. We obtain a 3D geometric
model for each object using a light-stripe range finder with a
liquid crystal shutter and a contact digitizer, respectively. For
the hemispherical object, we use a polarization filter [9] to
separate the diffuse and specular reflection components, as
shown in Fig. 10. Note that other techniques, including color-
based methods [30], can be used instead and that the beetle
object does not have the diffuse reflection component but
only the specular reflection component.

We obtained Figs. 11 and 12 and correctly estimated the
number of light sources as 3 in the same way as in the cases in
Figs. 5 and 6. Fig. 13 shows the results of testing the robustness
to initial values and convergence of our EM algorithm. These
results show that the EM algorithm in our method converges
fast, independent of the initial state. As shown in Fig. 14, we
rendered these input scenes using the estimated reflection
parameters and lighting conditions. The directions and

32 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 30, NO. 1, JANUARY 2008

Fig. 9. Input images. (a) Hemispherical object. (b) Beetle object.

Fig. 10. Reflection components separated from Fig. 9a. (a) Specular
reflection image. (b) Diffuse reflection image.

Fig. 11. (a) Illumination sphere computed from that in Fig. 9b.
(b) Illumination sphere estimated as a mixture of vMF distributions.

Fig. 12. Change in t i as the number of mixture components decreases
(the hemispherical object). Since t3 ðK ¼ 3Þ is not significant, and
t4 ðK ¼ 2Þ is significant at a ¼ 1 percent level, we determine the number
of mixture components (that is, light sources) as 3.

Fig. 13. Learning curves of our EM algorithm for the estimation of the
light sources. The curves show the directional error for the three point
light sources consisting the illumination environment. The solid line, the
dashed line, and the dotted line correspond to the first source (Light 1),
the second source (Light 2), and the third source (Light 3), respectively.
Different curves for the same light source depict results from different
initial estimates. The estimates converge fairly quickly with a couple of
iterations regardless of the initial error.

Fig. 14. Synthetic images rendered using the estimated reflection
parameter and illumination distribution.



intensities of light sources are tabulated in Tables 2 and 3. The
estimates of � were 0.0749 and 0.0576 for the hemispherical
and beetle objects, respectively. Figs. 15 and 16 show the
results of synthesizing the object’s appearance under novel
lighting conditions in the same way as Fig. 8 except that the
shadows are not rendered. One can see that these images relit
by our method are nearly exact for real images.

5 CONCLUSIONS

Given single-view images taken under multiple point light
sources and a geometric model of the target object in the
scene, we have proposed a method to simultaneously
estimate the illumination condition and the surface reflec-
tance property based on a rigorous directional statistics
approach. By first representing the specular reflection as a
mixture of probability distributions on the unit sphere and
then using the EM algorithm to estimate the mixture
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Fig. 15. Images under each point light source for the hemisphere object.
(a) Original photographs and (b) synthesized images.

Fig. 16. Images under each point light source for the beetle object.
(a) Original photograph and (b) synthesized images.

TABLE 2
Estimation Results for the Hemispherical Object

TABLE 3
Estimation Results for the Beetle Object



parameters, we are able to estimate not only the direction and
intensity of the light sources but also the number of light
sources and the specular reflectance property. We can use the
results to render the object under novel lighting conditions.
These results clearly demonstrate the advantage of using a
directional statistics based approach for inverse rendering.
We believe that other reflectance models described with half-
angle vector parameterization can be incorporated albeit
minor modifications in the derivation. We also believe that
multiple images [18], [40], [39], [20], [21], [43], [28] will
increase the sampling density of the mixture of vMF
distributions and, hence, i ncrease the accuracy of the
estimates. The future works include recovery of nonhomo-
geneous specular reflectance properties and the distances to
light sources.
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