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Abstract 

A new method for ray tracing parametric surfaces is presented. The 
new algorithm solves the ray surface intersection directly using mul- 
tivariate Newton iteration. This provides enough generality to render 
surfaces which could not be ray traced using existing methods. To over- 
come the problem of finding a starting point for the Newton algorithm, 
techniques from Interval Analysis are employed. The results are 
presented in terms of solving a general nonlinear system of equations 
f(x) = 0, and thus can be extended to a large class of problems which 
arise in computer graphics. 
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O. Introduction 

Ray tracing has been given a great deal of attention recently as a 
technique in realistic image generation, particularly in modeling the be- 
havior of light as it propagates through an environment. It has been 
used successfully to model global lighting effects (Whitted [19], Hall 
[3]) and most notably to model fuzzy reflections and motion blur 
(Cook et al. [2]). 

Central to any ray tracing algorithm is the ray surface intersection 
calculation. This is generally done in one of two ways. Either the sur- 
face is approximated with a collection of polygons (tessellation) and 
ray tracing is performed on the resulting collection of planar surfaces, 
or the ray surface intersection is solved directly, usually with some nu- 
merical method. In this paper we focus on the direct approach. 

Algorithms for ray tracing Algebraic surfaces have been proposed by 
Blinn [1 ] and Hanrahan [4]. In his paper, Blinn uses a hybrid combina- 
tion of univariate Newton iteration and regula falsi. Algorithms for ray 
tracing parametric surfaces have been proposed by Kajiya [8] for ra- 
tional bivariate polynomials, and by Sederberg [18]for Steiner patches. 
Each of these works utilize techniques from Algebraic Geometry. Prior 
to Kajiya, the ray surface intersection for parametric surfaces was 
solved using muit ivar ia teNewton iteration (see Farx and Pratt [5]). 
This method has the advantage of being general enough to handle any 
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parametric surface but has a major disadvantage in that it requires an 
initial guess which must  generally be close to the root itself. 

In this paper we present a new algorithm for finding the intersection 
of a ray and parametric surface. In order to provide for complete gen- 
erality in the choice of parametric surfaces, the multivariate Newton 
method is used. We utilize techniques from Interval Analysis to over- 
come the problem of finding an initial guess. The results presented 
herein are two fold. First an interval version of the multivariate 
Newton algorithm is presented. Each iteration of this formulation pro- 
vides an error bound for the actual root of the system. Secondly we 
present a binary search scheme that will allow us to identify regions of 
parameter space in which the Newton method converges. These tech- 
niques are presented in terms of solving a general nonlinear system of 
equations and thus can be extended to handle the more general curve- 
curve or curve-surface intersection problems. The specific algorithm 
that we present favors the solution which is closest to the ray origin but 
can be easily generalized to find all real solutions to the ray surface 
intersection. Proofs for most of the theorems presented in section 3 can 
be found in Moore [11 ], [12], [13], or Krawczyk [7], with the exception 
of theorems 3.4 and 3.5. To the author's knowledge, these have not 
appeared before. 

1. Newton's Method 

To begin our discussion, suppose that we are given a parametric sur- 
face 

H(s,t) = (x(s,t),y(s,t),z(s,t)) 

where s and t are the surface parameters and a parametric ray in the 
form 

R(u) = P + uD 

where P is the origin, D is the direction and u is the parameter of the 
ray. Then the ray and surface intersect where the nonlinear system 
H(s,t) - R(u) = 0. If we let v = (s,t,u) then this can be written in 
vector form as 

f(v) -- 0. 

If Y is any 3X3 nonsingular matrix, then the Newton scheme is giv- 
en by 

Vk+l = Vk - Yf(Vk)- (I.0) 

We refer to the vector -Yf(vk)  as the Newton step, and if Y is the 
inverse Jacobian of f at Vk, then geometrically it represents the coordi- 
nates of the intersection of the ray and the tangent plane at v k (see fig. 
1). In ordinary Newton iteration the matrix ¥ is updated at each step 
k+ l  to reflect the inverse Jacobian at v k. If the matrix Y is held fixed, 
then (1.0) is referred to as simple Newton iteration. Ordinary Newton 
iteration yields quadratic convergence whereas the simple scheme 
yields only linear convergence. As we shall see, our choice of initial 
guess will yield this difference insignificant. 
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Figure 1. The Newton step -Yf(Xk) = (As, At, Au) where 
&s = f(Xk) • (D x dH/dt )  [ D • (dH/ds x dH/dt) ,  
At = f(x k) • (dH/ds x D) / D .  (dH/ds x dH/dt) ,  
Au = f(xk) • (dH/ds x dH/dt)  ] D • (dH/ds x dH/dt)  

2. Interval  M a t h e m a t i c s  

In this  section we will present the basic notions from interval  analysis  
needed to prove the existence and convergence theorems in the next 
section. A more in depth introduct ion to this topic can be found in 
Moore [10] or [13]. To begin, by an interval we mean a closed bounded 
se t  of real  numbers  [a,b] = { x : a _< x _< b } and by an interval vector 
we mean  an ordered n-tuple of intervals  V = (X1,... ,Xn) where X i = 
[ai,bi]. Geometr ical ly  this is an n-dimensional  box. Not ice  tha t  the real 
l ine is embedded in the collection of real intervals.  For instance 0 = 
[0,0] and 1 = [1,1]. 

Now we can define the binary  operat ions {+ , - , . , / }  on intervals  as 

X i * X  2 = { x*y : x is in X 1 and y is in X 2 } (2.0) 

for * E {+ , - , . , / }  provided division by zero does not occur. I f  X I -- 
[ a l , b l ]  and X 2 = [a2,b2], then (2.0) can be rewri t ten as 

X 1 + X 2 = [a 1 + a2,b I + b2] 

X 1 - X 2 = [a 1 - b2,b I - a2] 

X I • X 2 = [ m i n ( a l a 2 , a l b 2 , b l a 2 , b l b 2 ) , m a x ( a l a 2 , a l b 2 , b l a 2 , b l b 2 )  ] 

1 /X 1 = [ 1 / b l , l / a  I ] provided 0 is not in X 1. 

Clear ly  we can see tha t  interval  addi t ion and mul t ip l icat ion are  as- 
sociative and commutat ive ,  however interval  mult ipl icat ion does not 
distr ibute.  For example,  let  X = [1,2], Y = [1,1] and Z ~- [ - 1 , - 1 ] .  
Then we have X ( Y  + Z)  = 0 whereas  X Y  + X Z  = [1,2] + [ - 2 , - 1 ]  -- 
[ -1 ,1  ]. Interval  mult ipl icat ion is subdistributive however. Tha t  is, for 
intervals X, Y and Z we have X(Y  + Z)  C X Y  + XZ.  Fur thermore ,  
interval  a r i thmet ic  is inclusion monotonic. Tha t  is, for intervals  X, Y, 
Z, and V , if  X C Z and Y C V then X*Y C Z*V for * E {+ , - , . , / }  
provided division by an interval  containing zero does not occur. 

Now suppose tha t  X = [a,b]. We define the midpoint of X as m ( X )  
= (a + b ) / 2  and  the width of X as w(X)  = b - a. Similar ly ,  for 
interval  vector X = (X1,... ,Xn) we define re(X) = (m(X1) , . . . ,m(Xn))  
and w(X)  = (w(X1),. . . ,w(Xn)).  An interval vector X is said to be sym- 
metric if  i t  can  be wri t ten as X = e [ -1 ,1  ] where e is some real vector. 

I f  f is a vector valued function of the n real  var iables  x 1,...,x n, then 
we define the interval extension o f f  as an interval  vector valued func- 
tion F with interval arguments ,  for which F(xl,...,Xn) = f(xl,...,Xn) for 
real  arguments .  Tha t  is, as the interval  a rguments  decrease in width, F 
converges to f. An interval  extension to the surface H(s , t )  is a rectan- 
gular  extent  to H,  or thogonal  to the coordinate axis (see fig. 2). Now, 
let  X = (X1, . . ,Xn)  and Y = (Y1.. . . ,Yn) be interval  vectors with X i = 
[ai,bi] and Yi  = [ci,di] and define the vectors a = (al , . . . ,an),  b 
(bl, . . . ,bn),  c = (Cl,...,Cn) and d = (d l , . . , dn) .  I f  we define the vector 
norm 

II a II = maxi I ai I 

then we can define a metr ic  on the collection of interval  vectors as 

d(X,Y)  = max(I  I a - c I1,11 h - d l I). 

Wi th  a metr ic  so defined, we can  define cont inui ty  and uniform con- 
t inui ty  for interval vector value functions in the usual  epsilon-delta 
fashion. Then given a ra t ional  vector valued function f, we can define 
an interval  extension, E of f by replacing real var iables  with interval  
var iables  and real a r i thmet ic  operat ions with interval  a r i thmet ic  opera- 
tions. From the inclusion monotonici ty  of interval a r i thmet ic  we can 
s e e  tha t  an interval  extension so defined is also inclusion monotonic.  
Fur thermore  F will be continuous provided division by an interval  con- 
ta ining zero does not occur. 

Figure 2. An interval extension to the surface H(s,t) on the region X is an 
extent  to H on X. 

3.  T h e  K r a w c z y k  m M o o r e  Test  

Suppose tha t  f is a continuously different iable  vector valued funetion 
on the open subset D of n-dimenslonal  Eucl idean space and the interval  
vector X is a subset of D, Let  us now consider the general  Newton  
i terat ion function 

p(x) = x - Yf(x)  

for nonsingular  real  mat r ix  Y and real vector x in X. By construct ing 
an appropriate  interval  extension to p, we will be able  to de termine  i f  
the Newton  a lgor i thm (1.0) converges to a unique solution to f(x) -- 0 
in X. Before we can begin however, we need some pre l iminary  results. 
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Suppose that f and f' have continuous, inclusion monotonic interval 
extensions F and F'  defined on the set of intervals contained in D. Re- 
call from Integral Calculus that there is no direct extension of the 
mean value theorem to functions of several variables. There is however, 
an interval version which follows directly from a theorem of Ortega 
[15], p. 68 (see also Moore [10]). 

3.0 Theorem (The Mean Value Theorem for Intervals) 

I f  x and y are any real vectors in X, then fix} - f(y) ~ ~(X)(x - y) 

Now, suppose that the interval vector X =- (X1,...,Xn) where X i = 
[ai,bi]. We define ] X i I = max (lail,[bil) and the interval vector norm 

r l x II = maxi ( [ x i  ] ). 

For interval matrix A (a matrix with interval entries) we define the 
maximum row sum norm 

II m II = maxi ? I mij I. 
J 

It can b~ shown directly from the definitions that the interval vector 
norm and interval matrix norm are compatible, that  is 

I l m X l l - - <  I I m I [ l l X l l  • 

3.1 Lemma 

Suppose that p(x) maps X into itself and there is a constant r < I for 
which 

I l p ( x )  - p ( y )  l l _< r l l x - y l [ 

for any x and y in X. Then the simple Newton sequence Xn+ 1 = PfXn) 
will converge to a unique solution x* in X to f(x) = O from any start- 
ing point x 0 in X. 

Proof: 

The proof follows directly from the contraction mapping theorem (see 
Ortega [15] or Moore [ 1 1 ] ) !  

Lemma 3.1 is really the centerpiece of this discussion and we will 
now expand it in two directions. First, to determine if p(x) maps X into 
itself, we construct an interval extension to p defined on the collection 
of intervals in D. Secondly, we will use this interval extension to obtain 
the real value r. To this end define 

K(X,y,Y) = y - Yf(y) + {I - YF ' (X) I (X  - y) 

for any real vector y in X, I the real identity matrix, and any nonsingu- 
lar real matrix Y. Notice that since 

p(x) ~- y - Yf(y) + (x - y) - Y(f(x) - f(y)) 

the mean value theorem gives us 

p(x) ~ y - Yf(y) + {I - YF'(X)}(x - y) C K(X,y,Y), 

That is K(X,y,Y) is an interval extension to p(x) on the collection of 
intervals contained in D. Hence K(X,y,Y) C X implies that p(x) maps 
X into itself and then f(x) = 0 has asolut ion  in X. Moreover, if f(x*) 
= 0 for some x* in X, then p(x*) = x* and hence x* is in K(X,y,Y). 
That is, all solutions to f(x) = 0 are in K(X,y,Y). Therefore if 
K(X,y,Y) ('1 X = ¢1 then there are no solutions to f(x) = 0 in X. 

Now let us  examine the operator K(X,y,Y) more closely. Notice that  
y - Yf(y) is the Newton step from y and the interval vector (X - y) is 
the interval vector X translated by y. For instance if y = m(X)  then 
(X - y) is a symmetric interval with components 

(X - Y)i = (1 /2 ) [ -w(X) i ,w(X) i ] '  

Furthermore since {I - YF'(X)} is an interval matrix, K(X,y,Y) is the 
Newton step coupled with a special symmetric interval vector. In a 
sense, K(X,y,Y) tells us how each element of X would move under the 
Newton step. Now using the norms defined above let 

r = I1 ~ -  YF'(X) I I 

and notice that for any real vectors x and y in X the mean value theo- 
rem gives us 

and hence 

p(x) - p(y) E { I - YF' (X)  }(x - y) 

l iP(X)  - p(y) [I ~ r I I x -  y [[. 

When r < 1, p is said to be a contraction and the Newton iterates 
"become closer and closer together. The following theorem then follows 
directly from lemma 3.1(see Moore [11]). 

3 . 2  T h e o r e m  

I f  K(X,y,Y) C X and r < l, then the simple Newton sequence Xn+ I -- 
p(xn) will converge to a unique solution x* in X to f(x) = O from any 
starting point x 0 in X. 

As we will see, the condition r < 1 is very special and tells us a great 
deal about the system fix) = 0 on X. For instance, suppose that r < 1 
and let Z be any real matrix in the interval matrix F'(X).  Let B ~- I - 

Y Z a n d d e f i n e C  n = I + B + ... + B n a n d C  -- 1 + B + . . . .  Then 
since YZC n = I - B n + l  we have 

YZC = Lim I - B n + l  
n - > o o  

Furthermore since I[ Bn+ l  I I ~- r n + l  we have YZC = I, the real 
identity matrix, and therefore Z is nonsingular. Since F ' (X)  contains 
the Jacobian of f(x) for each x in X, this means that if r < 1 no tan- 
gent plane of the surface H(s, t)  will be parallel to the ray on the inter- 
val X. That  is to say, there exist no silhouette edges in X with respect 
to the ray. This is obviously important when performing Newton itera- 
tion. 

Now consider the iterative scheme 

where 

and where 

X n +  1 = K(Xn,m(Xn) ,Yn)  0 X n 

Yn = m(F ' (Xn))  - 1  when r n ~ r n _  1 

= Y n - 1  otherwise 

rn = II I - YnF' (Xn)  1[. 

(3.3) 

The scheme (3.3) is referred to as interval Newton iteration and has 
been discussed in great detail by Moore [11], [13], Wolfe [20], 
Krawczyk [7], and Jones [6], to name a few. In these works it has been 
shown that (3.3) will converge under the same conditions as theorem 
3.2. We will prove a more general result here that will be more useful 
in our search scheme. Notice first however that 

II w(K(X,m(X),Y)) I I  ~ r II w(X) I] 

for any nonsingular real matrix Y. This follows directly from the defi- 
nitions of the norms (see Moore [11]). Hence, when r < 1, (3.3) pro- 
duces a nested sequence of intervals. From these observations we can 
prove the following theorem. 

3.4 Theorem 

Suppose that I I I - YF'(X) I I = r < 1. Set YO = Y and X 0 = X in 
(3.3). Then either the iterative sequence (3.3) will converge to a unique 
solution x* in X to f ix)  = O, or (3.3) will break down due to empty 
intersection, in which case no solutions to f(x) = 0 are in X. 

Proof." 

Suppose that X n is nonempty for each n. Then from the remarks above 
we must  have 

II w(Xn+l)  II ~ rn  II w(Xo) II 

and r < 1 implies that the nested sequence of intervals < X n >  must  
converge to some real vector x* in X. To see that x* is actually a solu- 
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tion to f(x) ffi 0, choose a sequence of real vectors <Xn> with x n in X n. 
Clearly, <Xn> converges to x* and from the continuity of p, P(Xn) con- 
verges to p(x*). Since P(Xn) is in K(Xn,m(Xn),Yn) for each n and 

11 w(K(Xn),m(Xn),Yn)) 11 --< rn l[ w(Xo) l[ 

we also have P(Xn) converging to x* and thus p(x*) = x* and hence 
f(x*) = 0. To see that x* is unique, suppose that y is in X with f(y) = 
0. Then 

I l x * -  y II = l i p ( x * )  - p(y)  II ~ r I I x * -  y II < I I x *  - y II 

and thus y = x*. Conversely, if there exists an x* in X for which fix*) 
= 0, then p(x*) = x* and hence x* is in X n for each n. That  is, if (3.3) 
breaks down due to empty intersection, then no solutions to f(x) = 0 
exist in X and this completes the proof.II 

The final result in this section will be another test for existence and 
convergence for the Newton scheme (1.0). We will show that if the 
Newton steps are close enough together, then convergence is guaran- 
teed in X. This result is an extension of the contraction mapping princi- 
pal (see Rail [16]) to the norms used here. 

3.5 Theorem 

Suppose that w(Xff2 = (do,...,dn) and a = minfdo,...,dn). Let 

B(m(X),a) = { x E X: I I x -- re(X) II --< a} 

be the cube o f  width 2a centered at re(X) and suppose that 

] J l -  Y F f X )  I I = r < 1 

with 

II re(x) - p(m(X)) II < (l - ~)a. 

Then the simple newton sequence Xn+ 1 = p(xn) will converge to a 
unique solution x* in X to f (x )  = 0 f rom any starting point x 0 in 
B(m(X),a). 

Proof: 

Let x be any real vector in B(m(X),a). Then 

II p(x)  - m(X) I I ~- II p(x)  - p(m(X)) II + I I p(m(X)) - m(X) I1 

_~ r II x - r e (X)  I I + (1 - r )a  _< a 

and p maps B(m(X),a) into itself. The existence and uniqueness of x* 
in B(m(X),a) follows from lemma 3.1. That  x* is unique in X follows 
from r < 1 and the proof is complete.II 

4.0 The Algorithm 

In discussing the algorithm, we will treat only the intersection of a 
parametric surface with an arbitrary ray. The distinction between re- 
fleeted rays, refracted rays, or rays cast from the viewpoint will not be 
made. Since all rays are for the most part, treated the same, a scheme 
using X, Y, and Z sorted lists such as that of Blinn [1] cannot be used. 
Instead, a hierarchical tree of extents is used to provide a rough guess 
as to which surfaces to cheek for intersection (see Hall [3]). For in- 
stance, the ray intersection is first performed against an extent contain- 
ing the entire scene. If an intersection is found, the ray is tested against 
extents containing each part in the scene. For those parts which an 
intersection is found, the ray is tested against extents containing each 
surface in the given part. Any number of levels can be added to this 
scheme including subsurface extents. There is a point of diminishing 
return, however, when using subsurface extents, and in general, quar- 
tering the surface is enough to get a head start on the parametric space 
search algorithm outlined below. The extent intersection processor then 
returns a list of surfaces with which to perform the ray surface inter- 
section calculation. The list is sorted on the minimum ray parameter of  
the ray extent intersection. If subsurface extents are used then surface 
parameter intervals are returned in this list as well. 
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4.1 Ray Extent Intersections 

An interval extension of the surface is used to construct the extents. 
This provides an extent to the surface over ari arbitrary parameter in- 
terval. Any given extent then is a box, orthogonal to the surface coordi- 
nate system, with corners defined by the interval vector 

( [Xmin,Xmax ],[Ymin,Ymax],[Zmin,Zmax ]). 

If the ray is given in the surface coordinate system by the origin P = 
(Px,Pv,Pz) and direction D = (Dx,Dv,Dz), then the ray parameter in- 
terval'defining the intersection of the'ray with the extent can be calcu- 
lated as the set theoretic intersection of three real intervals. For in- 
stance, if D x # 0 then those values of the ray parameter u for which 
the ray passes through the x bounds of the box must satisfy (see fig. 3) 

Xmin ~ Px + uDx ~ Xmax'  

i p , , , /  

Figure 3. The ray extent intersection calculation 
[u., u*] = [u x, u x] A [Uy, uY] C/ [u z, uZ]. 

This can be described as the ray parameter interval [Ux,UX ] where 

u x = min((Xmi n - Px) /Dx,(Xmax - Px)/Dx)  

and 

u x = max((Xmi n - Px) /Dx,(Xmax - Px)/Dx).  

If D x = 0, then the ray is parallel to the Y-Z plane and the inter- 
x val [Ux,U ] is infinite in extent. In this case we check the x component 

of the origin, 

Xmin --< Px <- Xmax 

to determine if the plane of the ray passes through the box. Intersection 
intervals for the ray parameter are constructed in this way for each of 
the coordinates X, Y, and Z and the set theoretic intersection is calcu- 
lated 

[u...']- [Ux,UX] n [Uy,UY] n [Uz,UZ]. 

If [u*,u*] is nonempty, then u ,  is the smallest ray parameter for which 
the ray intersects the extent. It is on this value that the surfaces are 
sorted when they arc returned from the extent intersection processor. 
Once an actual ray surface intersection is found and corresponding ray 
parameter u'  is calculated, then u'  is compared to the intersection inter- 
vals of the surfaces remaining in the list. Any surface with intersection 
interval [Us,uS ] for which u j _< u s need not be checked (see fig..4). It is 
in this way that the lqlution closest to the ray origin is favored. If on 
the other hand [u, ,u  ] is empty, then the ray does not hit the extent. 
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Figure 4. Suppose that the ray enters extent A at ray parameter a and enters 
extent B at ray parameter b. If a solution is found, with ray parame- 
ter c where a _< c _< b, then the parameter space associate<l with B 
need not be checked. 

4.2 The General Search Algorithm 

Once a llst of possible surfaces is generated, the corresponding pa- 
rameter space, X, of each surface is examined for solutions to f(x) = 0. 
This is done by generating a list of subregions {Xl,...,Xn} of X, starting 
with {X}, and testing each subregion for convergence of the Newton 
algorithm. A subregion X 0 of X is considered a safe starting region for 
the Newton scheme (I.0) if the hypotheses to theorem 3.2 or the hy- 
potheses to theorem 3.5 are satisfied on X 0. A region X 0 of X is ex- 
cluded from further searching if 

(I) The ray extent instcrscction on X 0 is empty or 

(2) K(X0,m(X0) ,m(F ' (X0) ) - l )  N X 0 ffi ¢ or 

(3) If a solution has already been found and the ray parameter of 
the solution is smaller than the minimum of the extent inter- 
section interval corresponding to X 0 (again see fig. 4). 

We begin by initializing the list of subregions to {X} and calculating 
K(X,m(X),Y) and r = II I - YF'(X) II where 

Y = m(F'(X))  - 1 .  

If X is considered a safe starting region, Newton iteration is performed 
and a solution is computed. If X is excluded then the next surface is 
chosen from the surface list. Otherwise K(X,m(X),Y) N X is subdivid- 
ed along the parameter direction with maximum width to obtain two 
new regions X 0 and X I. Extents are computed for each of these re- 
gions and the ray extent intersection intervals arc calculated. X 0 and 
X I are then placed into the list of subregions in the order of their inter- 
section with the ray. 

The process described above is called the analysis of the region X. In 
this way new regions are added and deleted from the subregion list. 
When a region is subdivided, the two new regions are added to the 
beginning of the list in the order of their ray extent intersections. The 
first element of the list is always chosen for analysis first as this tends 
to favor the solution closest to the ray origin. Once a determination has 
been made on a subregion, the next member of the list is chosen for 
analysis. If for some subrcgion Xi, m(F'(Xi) ) is a singular rcal matrix, 
then K(Xi,m(Xi),Y) cannot be calculated. When this is the case the 
region X i is subdivided and the two new regions are placed in order in 
the list for further analysis. 

If some subregion X i cannot be considered a safe starting region for 
the Newton algorithm and cannot be excluded, but r i < I where 

ri = II I - YiF'(Xi) If 

and where 

Yi = m(F'(Xi))  - 1 ,  

then we begin the interval version of Newton iteration (3.3) testing 
each of the iterates for exclusion or safe starting. As r i < 1, interval 
Newton iteration can continue without the prospect of inverting a sin- 
gular matrix. This will complete the analysis of the subregion X i with 
no further subdivisions. 

We continue the analysis process until the subregion list is empty. A 
subregion is considered too small for further analysis if the maximum 

width of either of the interval extensions to the partial derivatives does 
not exceed some tolerance (the surface is essentially a plane on the 
subregion) or the width of the subregion, itself is smaller than some 
given tolerance. When this is the case, one Newton step is taken, and if 
the step stays within the subregion in question, then this is considered a 
solution, otherwise the subregion is excluded. 

Notice that the search algorithm is performed on surface parameter 
space only. The ray parameter is ignored, even while pcrforming 
Newton iteration, until a solution is found. The ray parameter is used 
only to determine which subregion to analyze next. Intuitively, the rea- 
son for this can be seen from the Newton step itself. Notice that the 
Newton step in s and t is independent of u whereas the Newton step in 
u is dependent only upon s and t, and not on u (see fig. I). We will 
discuss this more rigorously in the next section. 

Note also that care should be taken in casting rays for reflection and 
refraction. Since these rays emanatc from a surface, the algorithm as 
described will find the origin as a solution. For these rays the algorithm 
should be allowed to continue on to the next solution. To find aU solu- 
tions of the system f(x) ffi 0, we use the exclusion rules (1) and (2) only 
and no longer need to order subregions as they enter the list. 

The algorithm outlined above is similar to that of Moore and Jones 
[14] with the exception that we begin interval Newton iteration when r 
< I. In our scheme the interval version of Newton iteration is used only 
as a device to aid in the search of surface parameter space for solutions 
of the system fix) ffi 0. We choose not to use interval Newton iteration 
to compute the actual solution here since simple Newton iteration is far 
less expensive. 

4.3 Computing the Krawczyk Operator K 

To compute the Krawczyk operator K(X,m(X),Y) for some 
nonsingular matrix Y we first compute an interval extension to f'(x) 
where the Jacobian of the system fix) = 0 is the matrix with columns 

IV(x) ffi [dH/ds,dH/dt,-D]. 

Hcrc D is the direction vector of the ray and H(s,t) is the parametric 
surface. The interval extension Ft(X) will then be the interval matrix 
whose first two columns are interval extensions to the partials dH/ds 
and dH/dt respectively and last column is the real vector -D. Recall 
that 

K(X,m(X),Y) = m(X) - Yf(m(X)) + I I - YF'(X) }(X - re(X)) 

is the Newton step from the midpoint of X, m(X) - Yf(m(X)),  cou- 
pled with the special symmetric interval vector 

{ I - YF'(X) }(X - re(X)). 

During the general search algorithm we use 

Y = m(F(X) )  - 1 ,  (4.3.0) 

which allows us to compute K(X,m(X),Y) without using direct interval 
computations. To sec this notice that 

{ I - YF'(X) }(X 

where IY[ is the real 
with components 

-- m(X))  = Y{ m(Ft(X))  - Ft(X) }(X - re(X)) 

= ()YFA.e)[-1,1] (4.3.O 

matrix with components IYijl, A is the real matrix 

and e is the real vector with 

Aij = ( l /2)(w(F'(X))i j )  

components 

e i = (1/2)(w(X)i). 

When interval Newton iteration is invoked we do not always have 
(4.3.0), and hence some interval computations must be performed, 
however these can be minimized. 

The interval vector as computed with (4.3.1) has three components, 
the first two being intervals in surface parameter space and the third 
being an interval in the ray parameter. The system f(x) ffi 0 can be 
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reduced to a system of two equations in two unknowns by breaking f(x) 
into its component parts 

x(s,t) - Px - uDx = 0 

y(s,t) - Py - uDy = 0 

z(s,t) - Pz - uDz = 0 

and noticing that if D x 4 0 we have the equivalent system 

Dx(Y(s,t ) - Py) - Dy(x(s,t) - Px) = 0 

Dx(z(s,t) - Pz) - Dz(x(s,t) - Px) = 0 

which can be written in vector form as 

g(v) = 0 (4.3.2) 

where v = (s,t). If we let Q(s,t) = H(s,t) - P, then we can rewrite g(v) 
as the components of a cross product 

gl(v) = (D X Q)3 

g2(v) = - ( D  × Q)2. 

Partial derivatives are easily computed. For instance 

dg l / d s  = ( D X  dH/ds)  3. 

To compute an interval extension G'(V) we use the partials of g and 
replace real arithmetic with interval arithmetic and real variables with 
interval variables in the cross product defined above. It is rather tedi- 
ous but it can be shown that if K(V,m(V),Yv) is computed for the 
system (4.3.2) with G'(V) as defined above, and with 

Yv = m( G ' ( V ) ) - I  

then the resulting interval vector will be identical to the first two com- 
ponents of the interval vector computed from (4.3.1). In other words, 
the ray parameter can be ignored in the search scheme. 

4.4 Computing Interval Extensions 

Interval extensions can be computed for virtually any function which 
will arise in computer graphics. Interval extensions to rational functions 
were briefly discussed in section 2 and a much more complete discus- 
sion can be found in Moore [10] or [13]. We will take a slightly differ- 
ent approach here and exploit the convex hull property to compute in- 
terval extensions to Bezier surfaces. The subdivision algorithm 
presented here was developed by A. J. Schwartz [17]. Only the equa- 
tions are presented and not the development. To begin suppose that 

m n 

H(s,t) = ~ Z 
i=o j=o 

( T ) ( 7 )  s i ( 1 -  s) m - i  J ( 1 -  t )n-JPi j  

is the Bernstein representation of H with (s,t) e X = ([0,1 ],[0,1 ]). The 
collection of points {Pij} i=0,...,m and j=0,... ,n are called the control 
points. Here we use the notation 

( ~ )  n!/(kl(n-k)!) .  

Now let X 0 be an interval contained in X with X 0 = ([0,b],[0,d]). 
Then the algorithm of Lane and Riesenfeld [9] can be generalized 
(Schwartz [17]) to obtain a new set of control points {Quv} u=0,.. . ,m 
and v=0,...,n which represent the restriction of H to X 0. These are 
computed from the formula 

U v 

Quv = i ~  0 2; ( i )  bi( 1 - b )  u - i  ( ~ )  dJ(1-d)v-JPi j .  
j=O 

(4.4.0) 

Then for a general interval X 1 contained in X with X 1 = ([a,b],[c,d]), 
we first compute the control points {Q'uv} based on the interval X 0 
using (4.4.0), then reverse the parameterlzation on {Q'uY} and use 
(4.4.0) again on the interval X 0" = ( [0 , (b-a) /b] , [0 , (d-c) /dJ)  to obtain 
the desired control points {Quv} to the restriction of H to X1 (see fig. 
5). The endpoints of the Vth interval of F(XI)  are then the i 'th coordi- 
nate extremes of the convex hull of {Quv}" 
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Figure 5. TO compute the control points {Quv} for the region X I - ([a,b] , 
[c,d]) , we first compute the control points {Q~uv} for the region X 0 
= ([0,b] , 10,d]) using (4.4.0). This reparameterizes X 0 to ([0,I] , 
[0,I]). Next, we reverse the parameterization on {Q'uv}, that is 

s i m o . v l  • {Quv} {Qn-u We then use {Q~v} on the region X~) - 

([0, ~], [0, "~]) (again using 4.4.0) to obtain the desired 
set of points {Quv}" 
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The partial derivatives dH/ds  and dH/d t  also have Bernstein repre- 
sentations. The control points {P'iil i=0, . . . ,m-1 and j=0,...,n for dH/ds  
can be computed from the origingl control points of H from the formu- 
la 

P'ij = 3(Pi+l  j - Pij) 

for i=0, . . . ,m-1 and j = 0,...,n . The control points for dH/d t  are then 
computed from the column differences. If X I = ([a,b],[c,d]) is an inter- 
val contained in X and {Quv} u=0,... ,m and v=0,...,n is the set of con- 
trol points for the restriction of H to X 1 , then we use the convex hull of 
the point set 

P'ij = ( 3 / b - a ) ( Q i + l  .~ - Qij) 

for i = 0,. . . ,m-1 and j = 0,...,n to compute the value of the interval 
extension to dH/ds  on the interval X 1. The scaling takes place as a 
result of the reparameterization involved in the restriction of H to X 1. 

5. Concluding Remarks 

The algorithm outlined above has been implemented in single preci- 
sion FORTRAN 77 on a Prime 9950. The parameter space search 
scheme lends itself well to recursion. We aspired for three decimal 
places of accuracy in surface parameter space and have found the fol- 
lowing tolerances useful: 

(1) A subregion is considered too small for further analysis if the 
maximum width of either of the interval extensions to the par- 
tial derivatives does not exceed .02 . 

(2) A subregion X 0 of X is considered too small for further analy- 
sis i l l {  w(X0) I I < .0002. 

(3) Simple Newton iteration proceeds until the difference between 
successive iterates does not exceed .0001 in each parameter. 

It should be noted here that there are very intricate trade offs between 
these constants. In particular, if the width of the parameter interval or 
interval extension to the partials is allowed to become too small, float- 
ing point round off will introduce erroneous results. It should also be 
noted that if the ray is tangent to the surface, and thus the system f(x) 
= 0 has a singularity at the root, the algorithm will proceed properly, 
continuing to subdivide until the surface is essentially a plane. Table 1 
shows some statistics gathered from the computation of the surface in 
figure 6. Notice that the surface was reduced to a plane in less than 1% 
of the rays cast. 

One drawback to this algorithm is its dependence on the calculation 
of interval extensions. Initial timing tests have shown that more than 
40% of the total cpu is used in computing control points for interval 
extensions. Furthermore, computation time can vary dramatically with 
the orientation of the surface to the coordinate system. Table 1 shows 
this artifact in the computation of the surface in figure 6 with two 
different orientations of the surface with respect to the coordinate sys- 
tem and view plane. One possible solution to this problem is to have a 
local coordinate system for each surface, or collection of surfaces, 
which minimizes the excess width in the extent calculations. The ray 
could then be transformed into this coordinate system before the inter- 
section algorithm begins. Table 2 outlines most of the floating point 
calculations involved in the intersection of a ray with a bicubic surface 
patch. 

Total number of nonbackground pixels 

Total number of times that the surface was reduced to a plane 

Average number of simple Newton iterations per solution 

Average number of interval Newton iterations per call 

Average interval width to begin simple Newton iteration 

Average interval width to begin interval Newton iteration 

Total time in simple Newton iteration 

Total cpu 

TABLE 1 

Coordinate system of the surface 
Orthogonal to the surface Orthogonal to the view 

34458 34458 

43 81 

1.99 1.85 

1.33 !.32 

w(X) = (.176,.220) w(X) = (.137,.193) 

w(X) = (.417,397) w(X) = (.362,345) 

24.46 sec. 24.36 sec. 

1381 sec. 1057 sec. 

This data was obtained through the computation of the bicubic surface in figure 6 with different orientations of the surface to its coordinate system. 
The computational resolution was 512 by 512 and surface parameter space was X = ([0,1],[0,1]). For these images subsurface extents were used. The 
surface parameter space yeas quartered and extents for each quarter were computed. The search algorithm for each ray then began on one of these 
quadrants. Control points for each quarter were not stored but were recomputed from the original control points when the analysis of the quadrant 
began. 

TABLE 2 

Floating Point Computations 

Computation Average number of times Floating Point 
Performed per nonbackground pixel Multiplies Adds 

Computing control points on an arbitrary 
interval 4.22 288 576 

Subdividing control points along one 
parameter 2.78 72 96 

Control points of Partial derivatives 4.53 36 36 

Computing the Newton step 2.08 54 54 

Computing Y 4.53 35 23 

Computing K(X,m(X),Y) 4.53 90 78 

Computing the ray extent intersection interval 6.4 6 6 

Totals 2296 3469 

Approximate floating point computations per nonbackground pixel when ray tracing a bicubic surface. The averages that appear are for the surface in 
figure 6 when no subsurface extents were used. In other words the search algorithm began with X = ([0,11,[0,1 ]) for each ray, 
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The generality of the algorithm becomes apparent with figures 7 
through 10. In figure 7 we have a simple ruled surface with parabolic 
boundaries. In figures 8 through 10 we have computed the normal off- 
set surfaces with various offset distances. Recall that the normal offset 
surface 0(s,t) of a surface H(s,t) is the surface defined 

0(s,t) = H(s,t) + dN(s,t) 

where N(s,t) is the unit normal of H(s,t) and d is the offset distance. 
Since this surface is not a rational polynomial, it cannot be ray traced 
using existing methods. When the offset distance exceeds the minimum 

radius of curvature, the surface will intersect itself. The curvature at 
the vertex of the parabola in figure 7 is .125. Figure 8 shows the nor- 
mal offset surface with d = .125. Notice the cusp at the vertex. Figures 
9 and 10 have offset distances of .3 and .5 respectively. 

In this paper we have introduced some new numerical techniques to 
computer graphics. These techniques have been presented in terms of 
solving the general nonlinear system of equations f(x) = 0 and as such 
can be applied to a wide range of problems. Our application was in ray 
tracing parametric surfaces but the algorithms presented herein can bc 
generalized to solve the more general curve-curve and curve-surface in- 
tersection problems. 

Figure 6. A bicubic surface patch Figure 8. The normal offset surface to Figure 7 with offset distance .125 . 

Figure 7. A ruled surface with parabolic boundaries. The radius of curvature 
at the vertex of the parabola is .125 . 

Figure 9. The normal offset surface to Figure 7 with offset distance .3 . 
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Figure 10. The normal offset surface to Figure 7 with offset distance .5 . 
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