CS 430
Computer Graphics

3D Transformations

World Window to Viewport Transformation
Week 2, Lecture 3

David Breen, William Regli and Maxim Peysakhov
Department of Computer Science
Drexel University
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Outline

* World window to viewport transformation
+ 3D transformations
» Coordinate system transformation
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The Window-to-Viewport
Transformation

* Problem: Screen windows cannot display the whole
world (window management) . I

* How to transform and clip:
Objects to Windows to Screen Q

top O
bottom -

! i right

Window-to-Viewport

Transformation

* Given a window Three steps:

and a viewport, +  Translate

what is the + Scale

transformation from «  Translate

WCS to VPCS? waxmum
{ Ot Y { y — ')a.

s E H

Window in * Window lrans\a(edx Window scaled to ¢ Translated by (umm,u
world coordinates 1o origin size of viewport Vmin) to final position 4

Transforming World
Coordinates to Viewports

* Jsteps s s Meimum range
po

1. Translate

2. Scale Q Q

3. Translate Window

N Viewport 1
World coordinates Sereen coordinates.

Viewport 2

Overall Transformation:

v Umaz — Umin VUmaz — Umin
Mwv = T (Umin, Vmin) - b( — ) - * T(=Zmins —Ymin)
Tmaz — Tmin  Ymaz — Ymin

P'=M_ P

Clipping to the Viewport

- Transform lines in world
e Then clip in world
eTransform to image

e Then draw

* Do not transform pixels

+ Viewport size may
not be big enough
for everything

« Display only the
pixels inside the

viewport { N Maximum range
of screen
Q O coordinates
. x .
World coordinates Screen coordinates




3D Transformations

Representation of 3D
Transformations

» Z axis represents depth
» Right-Handed System

— When looking “down” at the
origin, positive rotation is CCW

z
(out of page)

* Left-Handed System 4 g

— When looking “down”, positive l

rotation is in CW
(into screen) = x

— More natural interpretation for
displays, big z means “far”
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3D Transformations:
Scale & Translate
* Scale

— Parameters for each ‘Ev 0 8 8
axis direction S (8, 8y, 82) = 0 b(;/ s 0
0 0 0 1
* Translation 100 d,
01 0 4
T(de, dy,dz) = | o di
000 1
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3D Homogenous Coordinates
* Homogenous )
coordinates for 2D o 000
. _ sy 0 0
space requires 3D SGwsys) = o o g
vectors & matrices 00 0 1
* Homogenous
coordinates for 3D
space requires 4D ol jw
vectors & matrices  T(dwdy.dz)= | o o 1
. [x,y,z,w] 000 1 ]
1"
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3D Transformations:
Rotation
. [1 0 0o 0]
* One rotation for |0 cos0 —sind 0
B =10 sino coso 0
each world 0 ""3’ ""8 1
coordinate axis - N
[ cos® 0 sin® 0
0 1 0 0
Ry(9): —sin® 0 cosf 0
0 0 0 1
PP=R-P i ]
cos —sinf 0 0
sinf cos® 0 0
B0 =17 0 10
0 0 0 1|
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xy - sz

Rotation Around an
Arbitrary Axis

Rotation axis, 1 (normalised)

* Rotate a point P

around axis n (x,y,z) \ ¥ (= P rotated 909
by angle 6 H
txi4+c tXy+sz txz-sy ;
ty’+c TP’ (z_ﬁmmed 6)

0
tyz+sx 0
p A

0

1

XZ+Sy tyz—sx 170 +c (pm;&'}‘o k
0 0 0 rotate)
* ¢ =cos(0)
* s =sin(0)
c t=(1-¢) 0 (origin)
Graphics Gems |, p. 466 & 498 14
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Rotation Around an
Arbitrary Axis Improved Rotations

» Also can be expressed as the « Euler Angles have problems
Rodrigues Formula — How to interpolate keyframes?
— Angles aren’ t independent

— Interpolation can create Gimble Lock, i.e.
loss of a degree of freedom when axes
align

 Solution: Quaternions!

P = Pcos(}) + (mx P)sin(¥) + n(n- P)(1-cos(}))

rot
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Quaternions Quaternion Facts

Matrices are not the only (or best) way of representing rotations. For one thing, they are redundant (9 numbers instead of
3) and, for another, they are difficult to interpolate.
An alternative representation was developed by Hamilton in the early 19th century (and forgotten until relatively recently).

i s o
The quaternion is a 4-tuple of reals with the operations of addition and multiplication defined. Just as complex numbers conjugate: q*= a@)

allow us to multiply and divide two-dimensional vectors, quaternions enable us to multiply and divide four dimensional y e RIS
veetors. magnitude : |q| = Vaq* = /s> +d-a

. . unit quaternion : =1
q=qo+ qui+q2j + g3k g lal

i : 1%
P2l GehiRenki=g myerser 0 = meEd
A quaternion can also be interpreted as having a scalar part and a vector part. This will give us a more convenient q ! =q*, for unit quaternions
notation.
a=(s.3) pure quaternion : p = (0,%) It turns out that we will be able to represent rotations with a unit quaternion. Before looking

at why this is so, there are a few important properties to keep in mind:

Quaternion addition is just the usual vector addition, the quaternion product is defined as: . The unit quaternions form a three-dimensional sphere in the 4-dimensional space of
quaternions.

« Any quaternion can be interpreted as a rotation simply by normalizing it (dividing it by
its length).

« Both q and -q represent the same rotation (corresponding to angles of q and 2p - q)

q1az = (8152 — (@1 - @2), 8182 + s2d1 + @1 X @2)

17 18

Rotation by Quaternion Quaternion Composition
- Since a quaternion basically stores the axis vector and angle of rotation, it is not surprising
Rq(p) = qpq~t p= (0,%) that we can write the components of a rotation matrix given the quaternion components.
q = (cos(#/2),sin(0/2)@). where |d| =1 q = (cos(0/2),sin(0/2)a) = (w, (z,y,2))
Ry(p)=(0 , (2-@ @& Rq=
+ 2@ 1-242— 2‘.»,.,—22 : 2zz+2wy O
L 2zy + 2wz 1-2z°-22 2 2wz 0
+ 2s(@x&) ) 2yz+2wr 1-222-242 0
0 0 1

Ry(p) = (0 , (cos?(8/2) —sin?(0/2))&

:5 S o
+ (2sin*(8/2))a(a- 2) Crucially, the composition of two rotations given by quaternions is simply their quaternion
+ (2cos(6/2)sin(8/2))(@x z) ) product.
Ry (R = R where ¢’ = ¢/
Ry®)=(0 , (cos®)F o (Rq(P)) () q"=d'q
+ (1 -cos#)a(a-z) « Note that the product of two unit quaternions is another unit quaternion.
+ (sing)@x) ) « Note that quaternion multiplication, like matrix multiplication, is not commutative.

Recognize this? It is the Rodrigues formula!
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From rotation matrix to quaternion

Given R = (r;;), solve expression on previous page for quaternion
elements ¢;

Linear combinations of diagonal elements seem to solve the
problem:

@6 == (147111 + 722+ 733)

=

(14711 — 722 — 733)

=

el

2

g3 =7 (1 =711 + 722 —733)

=

-

a5 == (1 =111 —rag +733)

e

so take four square roots and you're done? You have to figure the
signs out. There is a better way . ..

Locuro?. Mocharics of Maripulaton

p.16
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What about interpolating
multiple keyframes?

Shoemake suggests using Bezier
curves on the sphere

Offers a variation of the De Casteljau
algorithm using slerp and quaternion
control points

See K. Shoemake, “Animating rotation

with quaternion curves”, Proc.
SIGGRAPH ' 85
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Quaternion Interpolation

One of the main motivations for using quaternions in Graphics is the ease with which we can define interpolation between
two orientations. Think, for example, about moving a camera smoothly between two views.

A &B are quaternions

COSQ; A-B

c¢t) = ,~'l(".r'p(A.B.f,) )
- A5|n(§?(1—t)) Bsm,(Qf)
sin 2 sin 2

slerp — Spherical linear interpolation

Need to take equals steps on the sphere

22
3D Transformations:
Reflect & Shear
» Reflection: 10 0 0
01 0 O
=190 -1 0
about x-y plane 00 0 1
1 0 she O
« Shear: Ho0)= | o0 0 W0
(function of z) 00 0 1
24
Example
(—sinB , cosB ) z z f,Sh.w shy,1)
\\
\ ]
Xy X,y

Rotation (about z) Shear (orthogonal to z)

26
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3D Transformations:
Shear
X\ (1 sw sh 0 (X
v\ _sw1 0 skoof Y
zZ'| |shr sw 1 0| |Z
1 o o o 1)\1
X'=X+ShY +ShiZ
Y'=ShiX+Y +ShiZ
Z'=Sh:X+Sh)Y +Z
25

Pics/Math courtesy of Dave Mount @ UMD-CP.
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Example: Composition of 3D
Transformations
¢ Goal: Transform P;P; and P,;P;

y
Py
Py P,
=
z z P,

(a) Initial position (b) Final position
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Final Result

« What we’ ve really
done is transform
the local coordinate y
system R, R, R-
to align with the v /R
origin x,y,z —e P,
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Example 2 (cont.)

* Z, axis to be DOF

* X, axis to be a horizontal Lo %
vector perpendicular to & -5 00F
DOF

* Y, vector perpendicularto

both Z, and X, (i.e.Z,x X,) =

R | lyx DOF| |DOF x (y x DOF)| |DOF|

~ooo

0 0 0
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- yxDOF o - x

Example (Cont.)
* Process

y
(1-2) Py
1. Translate P, to (0,0,0) 2 P V' Z)
A v TaX Vi 2o

2. Rotate about y
3. Rotate about x
4. Rotate about z
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Example 2: Composition of 3D
Transformations

Airplane defined in x,y,z ,
+ Problem: want to point Y
it in Dir of Flight (DOF)
centered at point P
* Note: DOF is a vector x
* Process:

— Rotate plane
— Move to P %

30
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Transformations to Change
Coordinate Systems

* Issue: the world has many different relative
frames of reference
* How do we transform among them?

» Example: CAD Assemblies & Animation Models
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Transformations to Change
Coordinate Systems
* 4 coordinate systems
1 point P
Ml<—2 = T(4,2)
M,_, =T(2,3)*5(0.5,0.5)
M, , =T(6.7,1.8)% R(45°)
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Coordinate System Example (2)

* Transformation
Ms 1= M5e4 * M4e3 * Msez * Mze

Composition: ©
A
0 yo
k k ;xu@
Q X1 X1
@ ®
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Coordinate System Example (1)

2)

* Translate the House A
to the origin ¥
A
M[(—Z = T(Xl,yl)
M, = (M|e2)7] | )
=T(=x;,~y)) P,
L . X

The matrix M;; that maps points from coordinate system j
to i is the inverse of the matrix M; that maps points from
coordinate system j to coordinate system i.

34

World Coordinates and
Local Coordinates

* To move the tricycle,
we need to know how o
all ofits parts relate to
the WCS Yt soranate

« Example: front wheel |
rotates on the ground ™ ,
wrt the front wheel’ s z T e "
axis: P =T(ar,0,0)- R (ar)- P
Coordinates of Pin <
wheel coordinate
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system: POMZ R () PO
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Questions about Homework 17?

* Go to web site
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