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Course Abstract

Level set methods, an important class of partial differential equation
(PDE) methods, define dynamic surfaces implicitly as the level set (iso-
surface) of a sampled, evolving nD function. This course is targeted for
researchers interested in learning about level set and other PDE-based
methods, and their application to visualization. The course material will
be presented by several of the recognized experts in the field, and will
include introductory concepts, practical considerations and extensive
details on a variety of level set/PDE applications.

The course will begin with preparatory material that introduces the
concept of using partial differential equations to solve problems in
visualization. This will include the structure and behavior of several
different types of differential equations, e.g. the level set, heat and
reaction-diffusion equations, as well as a general approach to developing
PDE-based applications. The second stage of the course will describe the
numerical methods and algorithms needed to implement the mathematics
and methods presented in the first stage, including information on
implementing the algorithms on GPUs. Throughout the course the
technical material will be tied to applications, e.g. image processing,
geometric modeling, dataset segmentation, model processing, surface
reconstruction, anisotropic geometric diffusion, flow field post-processing
and vector visualization.

Prerequisites

Knowledge of calculus, linear algebra, computer graphics, visualization,
geometric modeling and computer vision. Some familiarity with
differential geometry, differential equations, numerical computing and
image processing is strongly recommended, but not required.
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‘ Time dependent flow visualization
o=

The material derivative

VIS VIS Do
So far: static flow fields v = v(x) Transport is formulated with the material derivative
D
—u(t,z) :=0w(t,z) +v(t,z) - Vu(t,x)
) Flow visualization delivers a multiscale of ot
streamline-type patterns Transport PDE moves the density along the vector field v
D
5 ult,z) =0
Now: time-dependent flow fields v = v(¢, x)
I: > Transport the resulting patterns with the flow . S
P 9P This equation is also known
as continuity equation.
& The Transport Diffusion PDE & Scale versus Time
S'os S'os
Combine the diffusion equation and the transport equation: Scale
D .
= u — div(A(v, Vu)Vu) = 0 .
ot .
For the diffusion equation ¢ means the (artificial) scale \\
For the transport equation ¢ means the (real) time ‘\
There is an unwanted coupling between scale and time! o separation between
Multiscale-visualization is difficult! Ti
ime
\4 Scale versus Time & Examples and Applications
S'os S'os

Scale

Compute short
evolution of the
time/scale coupled
transport diffusion
equation starting at
different successive
time-points

Combine all results by
an appropriate blending

Our approach

Flow of pollutant through a saltdome.
Numerical data: J. Geiser




‘ Examples and Applications
VIS Do

Benard convective flow in a box with heating from below and
cooling from above.

Remarks on implementation

5C)!n

The proper discretization of the material derivative is not
easy: The longer a density is transported the more it is
blurred (numerical diffusion)

Implementation for real-time visualization on CPUs is not
feasible

Realizations on graphics hardware are available for 2D and
3D flow fields
(cf. e.g. IBVF and IBVF 3D, J. v. Wijk, A. Telea)

Bibliography
VIS Do
D. Burkle, T. Preusser, and M. Rumpf
Transport and diffusion in timedependent flow visualization
Proceedings IEEE Visualization 2001

Clustering with Phase Separation (Cahn-Hilliard

Vi model)

5C)!n

Phase separation and coarsening in (binary) metal alloys
is described by minimizing the Energy

B(u) = / () + I vup}
Q 2
U describes the chemical bl ]
energy (double-well potential) | |

|V 1|2 describes the interface
energy between the phases ¥

Results from phase separation

Chemical energy is minimized - phases separate
Interface energy is minimized - clusters grow bigger




‘ Anisotropic interface energy
VIS o=

The interface energy is given by |Vul|?

All interfaces are penalized equally

Anisotropic energy penalizing interfaces which are not
aligned with a given flow field: A(v)Vu-Vu

A0 =87 (5 5)B0 21

‘ Anisotropic phase separation
VIS o=

Minimize the anisotropic energy
E(u) ::/ {\Il(u) + lA(v)Vu : Vu}
Q 2

The first variation of energy and a gradient descent
approach leads to the PDE

O — AV (u) — vdiv(A(v)Vu)) =0

Examples and Applications

Convective flow in a 2D box. From left to right the scale increases.

‘ Varying anisotropy

NN =N ) 7
;\‘.‘5{%‘:’.‘.\‘3‘%;@9
.

Vv

Convective flow in a 2D box. From left to right /3 increases.

‘ Examples and Applications

VIS o=

H. Garcke, T. Preusser, M. Rumpf, A. Telea, U. Weikard
and J, van Wijk

A Phase Field Model for Continuous Clustering on Vector
Fields

IEEE Trans. Vis. Comp. Graphics, 7, 230-241, 2001.




Levelset-Evolution
VIS o=

Consider motion of the level-set boundary of an image

The image u then obeys
the level-set PDE

Oyu= f(z)| Dul

If f(x)depends only on the
shape of the level-sets

we call the evolution

to be geometric.

Curvature of Level-Sets
VIS o=

Consider variation DN (z) of the normal N(z) on
the levelset M“ .

Projection onto
tangent space T, M¢

Du ® Du
Py, =14 2427t
Du |D’IL|2

Shape operator
S=DN

= ‘_Dliu‘ (PDuD2UPDu)

Ty M€

The shape operator
VIS o=

Analysis of Eigenvalues and Eigenvectors of Shape operator
leads to curvature notions

Mean curvature H = trace S

Gaussian curvature K =det S = k%2
i 112

Principal curvatures k' k

The mean curvature motion (MCM
VIS o= ( )

Speed of motion is equal to the mean curvature of levelsets

Oru = f(z)| Duj

f(z) = trace S =div (%)

falala

Anisotropic level-set equation
VIS o=

Instead of the mean curvature use the variation of an
anisotropic normal to define the evolution speed

f@) =div (A(S") %)

Base the definition of the anisotropic normal on a
regularized shape operatog”

oy VU
NA =S A(S )W

Curvature dependent diffusion tensor

VIS o=
=div oy Vu
f@) =d (A(S)w)
G(kl,a)
A(S%) = BT aw>?) |,
0
G(s)























































































