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Course Abstract 
 

Level set methods, an important class of partial differential equation 

(PDE) methods, define dynamic surfaces implicitly as the level set (iso-

surface) of a sampled, evolving nD function.  This course is targeted for 

researchers interested in learning about level set and other PDE-based 

methods, and their application to visualization.  The course material will 

be presented by several of the recognized experts in the field, and will 

include introductory concepts, practical considerations and extensive 

details on a variety of level set/PDE applications. 

 

The course will begin with preparatory material that introduces the 

concept of using partial differential equations to solve problems in 

visualization.  This will include the structure and behavior of several 

different types of differential equations, e.g. the level set, heat and 

reaction-diffusion equations, as well as a general approach to developing 

PDE-based applications.  The second stage of the course will describe the 

numerical methods and algorithms needed to implement the mathematics 

and methods presented in the first stage, including information on 

implementing the algorithms on GPUs.  Throughout the course the 

technical material will be tied to applications, e.g. image processing, 

geometric modeling, dataset segmentation, model processing, surface 

reconstruction, anisotropic geometric diffusion, flow field post-processing 

and vector visualization. 

 

 

Prerequisites 
 

Knowledge of calculus, linear algebra, computer graphics, visualization, 

geometric modeling and computer vision.  Some familiarity with 

differential geometry, differential equations, numerical computing and 

image processing is strongly recommended, but not required. 
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David Breen is an Assistant Professor in the Computer Science 

Department at Drexel University.  He has held research positions at the 

Center for Advanced Computing Research and the Computer Graphics Lab 

at the California Institute of Technology, the European Computer-Industry 

Research Centre, the Fraunhofer Institute for Computer Graphics, and the 

Rensselaer Design Research Center.  His research interests include level 

set models for graphics and visualization, medical image analysis and 

segmentation, geometric modeling and computational biology. He has 

published over 50 research papers in these and other areas, as well as the 

book Cloth Modeling and Animation. Breen received a B.A. in Physics 

(Colgate University, 1982), and a Ph.D. in Computer and Systems 

Engineering (Rensselaer Polytechnic Institute, 1993).                             

E-mail: david@cs.drexel.edu 
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Director of the Computational Engineering and Science (CES) Program at 

the University of Utah.  He is also affiliated with the Institute for 

Scientific Computing and Imaging.  He received ScM degrees in computer 

science and applied mathematics and the PhD degree in applied 

mathematics from Brown University.  His teaching and research focuses 

on large-scale scientific computation and visualization, with an emphasis 

on the scientific cycle of mathematical modeling, high-performance 

computation and parallelization, visualization, evaluation, and 

understanding.  He has co-authored a textbook on parallel scientific 

computing, and numerous journal articles and book chapters spanning 

both theory and applications in computational engineering and science. 

E-mail: kirby@cs.utah.edu 

 

Aaron Lefohn is a Ph.D. student in computer science at the University 

of California at Davis and a graphics software engineer at Pixar Animation 

Studios.  His research interests include general-purpose computation on 

graphics hardware and high-quality interactive rendering.  His current 

research focuses on data structure abstractions for graphics hardware, 

and his M.S. thesis describes an interactive GPU-based level-set 



segmentation and visualization system.  Lefohn completed an M.S. in 

computer science at the University of Utah in 2003, an M.S. in theoretical 

chemistry from the University of Utah in 2001, and B.A. in chemistry from 

Whitman College in 1997.  He is an NSF graduate fellow in computer 

science.  E-mail: lefohn@cs.ucdavis.edu 

 

Ken Museth is a professor of Computer Graphics at Linköping University 
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Germany, and at New York University. In 1999 he finished his Diploma 

thesis on “Adaptive Methods in Large-Scale Image Processing" at the 
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Computing and Imaging.  He received a B.S. in Electrical Engineering and 
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research staff member at the European Computer-Industry Research 
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Level Set / PDE  Web Sites 

 
Sapiro Home Page 

  http://www.ece.umn.edu/users/guille 

 

Whitaker Home Page 

  http://www.cs.utah.edu/~whitaker 

 

VISPack Web Site 

  http://www.cs.utah.edu/~whitaker/vispack 

 

ITK Web Site 

  http://www.itk.org 

 

Museth Home Page 

  http://gg.itn.liu.se 

 



Lefohn Home Page 

  http://graphics.cs.ucdavis.edu/~lefohn 

 

Preusser Home Page 

  http://www.mevis.de/~tp 

 

Kirby Home Page 

  http://www.cs.utah.edu/~kirby 

 

Breen - Geometric Modeling and Deformable Models 

  http://www.cs.drexel.edu/~david/geom_mod.html 

  http://www.cs.drexel.edu/~david/deform_mod.html 

 

Osher Home Page 

  http://www.math.ucla.edu/~sjo 

 

UCLA CAM Technical Reports 

  http://www.math.ucla.edu/applied/cam 

 

Level Set Systems, Inc. 

  http://www.levelset.com 

 

Fedkiw Home Page 

  http://www.graphics.stanford.edu/~fedkiw 

 

Sethian Home Page 

  http://www.math.berkeley.edu/~sethian 

 

Rumpf Home Page 

  http://numerik.math.uni-duisburg.de/people/rumpf/rumpf.shtml 

 

Strzodka Home Page 

  http://numerik.math.uni-duisburg.de/people/strzodka/strzodka.htm 
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Time dependent flow visualization

➤ So far: static flow fields

Flow visualization delivers a multiscale of 
streamline-type patterns

➤ Now: time-dependent flow fields

Transport the resulting patterns with the flow

� 	 ����

� 	 ������

32

The material derivative

➤ Transport is formulated with the material derivative

➤ Transport PDE moves the density along the vector field    :

�

��
���� �� �	 �������� � ������ 	 �������

�

��
���� �� 	 �

�

This equation is also known 
as continuity equation.

33

The Transport Diffusion PDE

➤ Combine the diffusion equation and the transport equation:

➤ For the diffusion equation    means the (artificial) scale

➤ For the transport equation    means the (real) time

➤ There is an unwanted coupling between scale and time!
Multiscale-visualization is difficult!

�

��
�� �������������� 	 �

�
�

34

Scale versus Time

Scale

Time

Steady Flow Field  ����

Desired behavior

No separation between 
Scale and Time

35

Scale versus Time

➤ Compute short 
evolution of the 
time/scale coupled 
transport diffusion 
equation starting at 
different successive 
time-points

➤ Combine all results by 
an appropriate blending

Scale

Our approach

Time

36

Examples and Applications

Flow of pollutant through a saltdome.
Numerical data: J. Geiser
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37

Examples and Applications

Benard convective flow in a box with heating from below and 
cooling from above.

38

Remarks on implementation

➤ The proper discretization of the material derivative is not 
easy: The longer a density is transported the more it is 
blurred (numerical diffusion)

➤ Implementation for real-time visualization on CPUs is not 
feasible

➤ Realizations on graphics hardware are available for 2D and 
3D flow fields
(cf. e.g. IBVF and IBVF 3D, J. v. Wijk, A. Telea)

39

Bibliography

➤ D. Bürkle, T. Preusser, and M. Rumpf
Transport and diffusion in timedependent flow visualization
Proceedings IEEE Visualization 2001

40

Bibliography

41

Clustering with Phase Separation (Cahn-Hilliard 
model)

➤ Phase separation and coarsening in (binary) metal alloys 
is described by minimizing the Energy

➤ describes the chemical 
energy (double-well potential)

➤ describes the interface 
energy between the phases

���� �	
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�

�

��� �

�

�
�����
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Results from phase separation

➤ Chemical energy is minimized � phases separate
➤ Interface energy is minimized � clusters grow bigger
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43

Anisotropic interface energy

➤ The interface energy is given by

➤ All interfaces are penalized equally

➤ Anisotropic energy penalizing interfaces which are not 
aligned with a given flow field:

�����
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44

Anisotropic phase separation

➤ Minimize the anisotropic energy

➤ The first variation of energy and a gradient descent 
approach leads to the PDE

���� �	

�

�

�
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45

Examples and Applications

Convective flow in a 2D box. From left to right the scale increases. 

46

Varying anisotropy

Convective flow in a 2D box. From left to right     increases.�

47

Examples and Applications

➤ H. Garcke, T. Preusser, M. Rumpf, A. Telea, U. Weikard
and J, van Wijk
A Phase Field Model for Continuous Clustering on Vector 
Fields
IEEE Trans. Vis. Comp. Graphics, 7, 230-241, 2001. 

48

Bibliography
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49

Levelset-Evolution

➤ Consider motion of the level-set boundary of an image 

The image     then obeys
the level-set PDE

���� 	
��

����

�

���	 ��������

If depends only on the
shape of the level-sets
we call the evolution
to be geometric.

����

50

Consider variation of the normal           on 
the levelset .

����
��

�����

Curvature of Level-Sets

Projection onto
tangent space

Shape operator
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51

Mean curvature

The shape operator

Analysis of Eigenvalues and Eigenvectors of Shape operator
leads to curvature notions

Principal curvatures

Gaussian curvature

" 	 ����� 

# 	��� 	 $�$�
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52

The mean curvature motion (MCM)

➤ Speed of motion is equal to the mean curvature of levelsets

���	 ��������

���� 	 ����� 	���
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53

Anisotropic level-set equation

➤ Instead of the mean curvature use the variation of an 
anisotropic normal to define the evolution speed

➤ Base the definition of the anisotropic normal on a 
regularized shape operator
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54

Curvature dependent diffusion tensor
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