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Beyond Additive Valuations

Valuation Lower bound Upper Bound

Additive
Budget additive 

Separable concave
1.069 1.45

OXS
Gross-Substitutes 1.069 O(𝑛𝑛 log𝑛𝑛)

Submodular 1.58 O(𝑛𝑛 log𝑛𝑛)

XOS
Subadditive 1.58 O(𝑚𝑚)

SC ⊂ OXS ⊂ GSAdditive ⊂ ⊂ Submodular ⊂ XOS ⊂ Subadditive 

𝑛𝑛: # of agents    
𝑚𝑚: # of items

Budget additive

NSW Approximation



Valuation Lower bound Upper Bound

Additive
Budget additive 

Separable concave
1.069∗ 1.45

OXS
Gross-Substitutes 1.069 O(𝑛𝑛 log𝑛𝑛)

Submodular 1.58† O(𝑛𝑛 log𝑛𝑛)

XOS
Subadditive 1.58 O(𝑚𝑚)

Beyond Additive Valuations

SC ⊂ OXS ⊂ GS
Budget additive

Additive ⊂ ⊂ Submodular ⊂ XOS ⊂ Subadditive 

∗[G.HM’18]
†[G.KK’19]

𝑛𝑛: # of agents    
𝑚𝑚: # of items

NSW Approximation



The NSW Problem

 Set 𝑁𝑁 of 𝑛𝑛 agents and set 𝑀𝑀 of 𝑚𝑚 indivisible items
 Allocation 𝑆𝑆 = (𝑆𝑆1, … , 𝑆𝑆𝑛𝑛) is a partition of items to agents
 𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 : Valuation of agent 𝑖𝑖



 𝑆𝑆∗: allocation maximizing the NSW
 Goal: design algorithms for computing 𝑆𝑆 with the least                

possible 𝜌𝜌 such that

NSW 𝑆𝑆 = �
𝑖𝑖∈𝐴𝐴

𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖

1/𝑛𝑛

𝜌𝜌. NSW 𝑆𝑆 ≥ NSW(𝑆𝑆∗)

geometric mean of agents’ valuations



Agenda
 NSW via spending-restricted equilibrium 

 Additive [CG’15, CDGJMVY’17]
 Budget additive [G.HM’18]
 Separable concave [AMOV’18] 

 NSW via integral equilibrium with limited envy 
 Additive [BKV’18]
 Separable Concave + Budget additive [CCG.GHM’18]

 NSW via matchings 
 Non-symmetric agents with Submodular [G.KK’19] 

 Summary & Open Questions 

$1 budget, $1 spending limit
no envy fractional allocation

flexible budget
integral allocation 
minimize envy

allocate items using repeated 
maximum weight (un)matchings
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Budget-Additive Valuations

𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 = min(𝑐𝑐𝑖𝑖 , ∑𝑗𝑗∈𝑆𝑆𝑖𝑖 𝑣𝑣𝑖𝑖𝑗𝑗)
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𝑐𝑐𝑖𝑖 𝑣𝑣𝑖𝑖𝑗𝑗

Example:
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Additive Separable Concave Valuations

 Suppose 𝑆𝑆𝑖𝑖 contains 𝑙𝑙𝑗𝑗 copies of item 𝑗𝑗

𝑣𝑣𝑖𝑖𝑗𝑗1 ≥ 𝑣𝑣𝑖𝑖𝑗𝑗𝑖 ≥ …

 Each item has many copies
 Agent 𝑖𝑖’s valuation for receiving 𝑘𝑘𝑡𝑡𝑡 copy of item 𝑗𝑗 is: 𝑣𝑣𝑖𝑖𝑗𝑗𝑖𝑖

𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 = �
𝑗𝑗

�
𝑖𝑖=1

𝑙𝑙𝑗𝑗

𝑣𝑣𝑖𝑖𝑗𝑗𝑖𝑖

⋯

10

4

𝑣𝑣𝑖𝑖𝑗𝑗𝑖𝑖
5 0

Example:
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⋯
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4

5 0
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Additive Separable Concave Valuations

 Suppose 𝑆𝑆𝑖𝑖 contains 𝑙𝑙𝑗𝑗 copies of item 𝑗𝑗
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𝑙𝑙𝑗𝑗

𝑣𝑣𝑖𝑖𝑗𝑗𝑖𝑖

⋯

+ Budget-Additive:

𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 = min( 𝑐𝑐𝑖𝑖 ,�
𝑗𝑗

�
𝑖𝑖=1

𝑙𝑙𝑗𝑗

𝑣𝑣𝑖𝑖𝑗𝑗𝑖𝑖)



Agenda
 NSW via spending-restricted equilibrium

 Additive [CG’15, CDGJMVY’17]
 Budget additive [G.HM’18]
 Separable concave [AMOV’18] 

 NSW via integral equilibrium with limited envy 
 Additive [BKV’18]
 Separable Concave + Budget additive [CCG.GHM’18]

 NSW via matchings 
 Non-symmetric agents with Submodular [G.KK’19] 

 Summary & Open Questions 

$1 budget, $1 spending limit
no envy fractional allocation

flexible budget
integral allocation 
minimize envy



The NSW Objective (Budget additive)

Non-linear integer program:

max �
𝑖𝑖∈𝑁𝑁

min(𝑐𝑐𝑖𝑖 , �
𝑗𝑗∈𝑀𝑀

𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗)
1/𝑛𝑛

�
𝑖𝑖∈𝑁𝑁

𝑥𝑥𝑖𝑖𝑗𝑗 ≤ 1, ∀𝑗𝑗 ∈ 𝑀𝑀

𝑥𝑥𝑖𝑖𝑗𝑗 ∈ 0, 1 , ∀𝑖𝑖 ∈ 𝑁𝑁, 𝑗𝑗 ∈ 𝑀𝑀



max
1
𝑛𝑛 �

𝑖𝑖∈𝑁𝑁

log(min(𝑐𝑐𝑖𝑖 , �
𝑗𝑗∈𝑀𝑀

𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗))

�
𝑖𝑖∈𝑁𝑁

𝑥𝑥𝑖𝑖𝑗𝑗 ≤ 1, ∀𝑗𝑗 ∈ 𝑀𝑀

𝑥𝑥𝑖𝑖𝑗𝑗 ∈ 0, 1 , ∀𝑖𝑖 ∈ 𝑁𝑁, 𝑗𝑗 ∈ 𝑀𝑀

Non-linear integer program:

The NSW Objective (Budget additive)



Relaxation: Eisenberg-Gale Convex Program

max
1
𝑛𝑛 �

𝑖𝑖∈𝑁𝑁

log(min(𝑐𝑐𝑖𝑖 , �
𝑗𝑗∈𝑀𝑀

𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗))

�
𝑖𝑖∈𝑁𝑁

𝑥𝑥𝑖𝑖𝑗𝑗 ≤ 1, ∀𝑗𝑗 ∈ 𝑀𝑀

𝑥𝑥𝑖𝑖𝑗𝑗 ≥ 0, ∀𝑖𝑖 ∈ 𝑁𝑁, 𝑗𝑗 ∈ 𝑀𝑀

Optimal Solutions ≡ Market equilibrium with equal incomes



Market Equilibrium with Equal Incomes

 Optimal bundle: Each agent buys a utility maximizing bundle of 
items with the least amount of budget

 Market Clearing: demand of each item meets its supply

 𝑚𝑚 divisible items, 𝑛𝑛 agents             
 Utility of agent 𝑖𝑖 ∶ min(𝑐𝑐𝑖𝑖 ,∑𝑗𝑗 𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗)

 Each agent has budget of $1

At equilibrium:



 𝑝𝑝𝑗𝑗: price of item 𝑗𝑗,           𝑓𝑓𝑖𝑖𝑗𝑗: money flow from agent 𝑖𝑖 to item 𝑗𝑗

Equilibrium Characterization
 𝑚𝑚 divisible items, 𝑛𝑛 agents             
 Utility of agent 𝑖𝑖 ∶ min(𝑐𝑐𝑖𝑖 ,∑𝑗𝑗 𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗)

𝑓𝑓𝑖𝑖𝑗𝑗 > 0 ⇒
𝑣𝑣𝑖𝑖𝑗𝑗
𝑝𝑝𝑗𝑗

= max
𝑖𝑖∈𝐺𝐺

𝑣𝑣𝑖𝑖𝑖𝑖
𝑝𝑝𝑖𝑖

�
𝑗𝑗

𝑓𝑓𝑖𝑖𝑗𝑗 ≤ 1 ,∀𝑖𝑖 ∈ 𝐴𝐴 𝑎𝑎𝑛𝑛𝑎𝑎 �
𝑖𝑖

𝑓𝑓𝑖𝑖𝑗𝑗 = 𝑝𝑝𝑗𝑗 , ∀𝑗𝑗 ∈ 𝐺𝐺

Equilibrium (𝑝𝑝,𝑓𝑓):  
1. Optimal bundle:  

2. Market clearing:
Maximum bang-per-buck (MBB) condition

 Each agent has budget of $1



Natural Approach

NSW problem → E-G convex program 

However, no meaning approximation guarantee 
for NSW by rounding [Cole-Gkatzelis’15]

≡ Market equilibrium 
with budget-additive utilities 

↓
Round it to an integral allocation
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and spending restriction of 
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Approach

Equilibrium: gives a good upper bound on the NSW!

NSW problem → Market equilibrium
with budget-additive utilities 
and spending restriction of 

$1 on each item 
↓

Round it to an integral allocationC3

C2

C1



Approach: 1. Round each 𝑣𝑣𝑖𝑖𝑗𝑗 to nearest integer power of 𝑟𝑟 (𝑣𝑣𝑖𝑖𝑗𝑗 ≈ 𝑣𝑣′𝑖𝑖𝑗𝑗 = 𝑟𝑟𝑖𝑖𝑖𝑖𝑗𝑗) 
2. Compute an exact equilibrium for 𝑣𝑣𝑖𝑖𝑗𝑗′

3. This gives an approximate equilibrium for the original market

Market Equilibrium with Budget-Additive Utilities 
and Spending-Restriction

 The set of equilibria is non-convex and disconnected

Theorem [G.HM’18]: If all 𝑣𝑣𝑖𝑖𝑗𝑗 = {0, 𝑟𝑟𝑖𝑖𝑖𝑖𝑗𝑗} integer powers of 𝑟𝑟 > 1, then 
there exists a polynomial algorithm to compute an exact equilibrium



Market equilibrium
with budget-additive utilities 
and spending restriction of 

$1 on each item 

Approach

NSW problem

↓
Round it to an integral allocation

→

Theorem [G.HM’18]: There is a rounding procedure to achieve a 
(2.404 + 𝜖𝜖)-approximate NSW for any 𝜖𝜖 > 0

We don’t need an exact market equilibrium! 
Even a constant factor approximation is fine!! 



Agenda
 NSW via spending-restricted equilibrium 

 Additive [CG’15, CDGJMVY’17]
 Budget additive [G.HM’18]
 Separable concave [AMOV’18] 

 NSW via integral equilibrium with limited envy
 Additive [BKV’18]
 Separable Concave + Budget additive [CCG.GHM’18]

 NSW via matchings 
 Non-symmetric agents with Submodular [G.KK’19] 

 Summary & Open Questions 

$1 budget, $1 spending limit
no envy fractional allocation

flexible budget
integral allocation 
minimize envy



NSW via integral equilibrium with limited envy

 Additive Valuations: 

 Consider the integral allocation 𝑆𝑆 = 𝑆𝑆1, … , 𝑆𝑆𝑛𝑛
 Each item 𝑗𝑗 is assigned to an agent with the highest valuation
 Set price of item 𝑗𝑗 as 𝑝𝑝𝑗𝑗= max

𝑖𝑖
𝑣𝑣𝑖𝑖𝑗𝑗

 𝑝𝑝 𝑆𝑆𝑖𝑖 : total price of all items in 𝑆𝑆𝑖𝑖 ≡ total valuation of 𝑖𝑖

𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 = ∑𝑗𝑗∈𝑆𝑆𝑖𝑖 𝑣𝑣𝑖𝑖𝑗𝑗

Example:

[15, 10, 20]

[1, 20, 10]

𝑝𝑝
15

20

20



NSW via integral equilibrium with limited envy 

 Additive Valuations: 

 Consider the integral allocation 𝑆𝑆 = 𝑆𝑆1, … , 𝑆𝑆𝑛𝑛
 Each item 𝑗𝑗 is assigned to an agent with the highest valuation
 Set price of item 𝑗𝑗 as 𝑝𝑝𝑗𝑗= max

𝑖𝑖
𝑣𝑣𝑖𝑖𝑗𝑗

 𝑝𝑝 𝑆𝑆𝑖𝑖 : total price of all items in 𝑆𝑆𝑖𝑖 ≡ total valuation of 𝑖𝑖

Claim: 𝑆𝑆,𝑝𝑝 is a market equilibrium where budget of agent 𝑖𝑖 is 
𝑝𝑝(𝑆𝑆𝑖𝑖) and has linear utility function ∑𝑗𝑗 𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗

𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 = ∑𝑗𝑗∈𝑆𝑆𝑖𝑖 𝑣𝑣𝑖𝑖𝑗𝑗



Claim: 𝑆𝑆,𝑝𝑝 is a market equilibrium where budget of agent 𝑖𝑖 is 
𝑝𝑝(𝑆𝑆𝑖𝑖) and has linear utility function ∑𝑗𝑗 𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗

𝑓𝑓𝑖𝑖𝑗𝑗 > 0 ⇒
𝑣𝑣𝑖𝑖𝑗𝑗
𝑝𝑝𝑗𝑗

= max
𝑖𝑖∈𝐺𝐺

𝑣𝑣𝑖𝑖𝑖𝑖
𝑝𝑝𝑖𝑖

�
𝑗𝑗

𝑓𝑓𝑖𝑖𝑗𝑗 = 𝑝𝑝(𝑆𝑆𝑖𝑖) ,∀𝑖𝑖 ∈ 𝐴𝐴 𝑎𝑎𝑛𝑛𝑎𝑎 �
𝑖𝑖

𝑓𝑓𝑖𝑖𝑗𝑗 = 𝑝𝑝𝑗𝑗 , ∀𝑗𝑗 ∈ 𝐺𝐺

Equilibrium (𝑝𝑝, 𝑓𝑓):  

1. Optimal bundle:  

2. Market clearing:
Maximum bang-per-buck (MBB) condition

✔

✔

[15, 10, 20]

[1, 20, 10]

15

20

20

𝑝𝑝

35

20

budget



Envy-Free Allocation

 Envy-free (EF): 
𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 ≥ 𝑣𝑣𝑖𝑖 𝑆𝑆𝑗𝑗 , ∀𝑖𝑖, 𝑗𝑗

An allocation 𝑆𝑆 = (𝑆𝑆1, … , 𝑆𝑆𝑛𝑛) is:

May not exist!

[15, 10, 20]

[1, 20, 10]

15

20

20

35

20

budget
𝑝𝑝

EF?
35 = 𝑣𝑣1 𝑆𝑆1 ≥ 𝑣𝑣1 𝑆𝑆𝑖 = 10

20 = 𝑣𝑣𝑖 𝑆𝑆𝑖 ≥ 𝑣𝑣𝑖 𝑆𝑆1 = 11

✔



Envy-Free Allocation

 Envy-free (EF): 
𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 ≥ 𝑣𝑣𝑖𝑖 𝑆𝑆𝑗𝑗 , ∀𝑖𝑖, 𝑗𝑗

 Envy-free up to removal of one item (EF1): 
𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 ≥ min

𝑔𝑔𝑗𝑗∈𝑆𝑆𝑗𝑗
𝑣𝑣𝑖𝑖(𝑆𝑆𝑗𝑗 ∖ 𝑔𝑔𝑗𝑗) , ∀𝑖𝑖, 𝑗𝑗

Theorem [LMMS’04]: An EF1 allocation 𝑆𝑆 exists and can be 
computed in polynomial time

An allocation 𝑆𝑆 = (𝑆𝑆1, … , 𝑆𝑆𝑛𝑛) is:

May not exist!



Price-Envy-Free [BKV’18]

 Price envy-free (pEF): 
𝑝𝑝 𝑆𝑆𝑖𝑖 ≥ 𝑝𝑝 𝑆𝑆𝑗𝑗 ,∀𝑖𝑖, 𝑗𝑗

An integral market equilibrium allocation 𝑆𝑆 = (𝑆𝑆1, … , 𝑆𝑆𝑛𝑛) is called:

May not exist!

[15, 10, 20]

[1, 20, 10]

15

20

20

35

20

budget
𝑝𝑝

pEF?
35 = 𝑝𝑝 𝑆𝑆1 ≥ 𝑝𝑝 𝑆𝑆𝑖 = 20
20 = 𝑝𝑝 𝑆𝑆𝑖 < 𝑝𝑝 𝑆𝑆1 = 35





Price-Envy-Free [BKV’18]

 Price envy-free (pEF): 
𝑝𝑝 𝑆𝑆𝑖𝑖 ≥ 𝑝𝑝 𝑆𝑆𝑗𝑗 ,∀𝑖𝑖, 𝑗𝑗

 Price envy-free up to removal of one item (pEF1): 
𝑝𝑝 𝑆𝑆𝑖𝑖 ≥ min

𝑔𝑔𝑗𝑗∈𝑆𝑆𝑗𝑗
𝑝𝑝(𝑆𝑆𝑗𝑗 ∖ 𝑔𝑔𝑗𝑗) ,∀𝑖𝑖, 𝑗𝑗

An integral market equilibrium allocation 𝑆𝑆 = (𝑆𝑆1, … , 𝑆𝑆𝑛𝑛) is called:

May not exist!

[15, 10, 20]

[1, 20, 10]

15

20

20

35

20

budget
𝑝𝑝

pEF1?
35 = 𝑝𝑝 𝑆𝑆1 > 𝑝𝑝 𝑆𝑆𝑖 ∖ 𝑔𝑔𝑖 = 0
20 = 𝑝𝑝 𝑆𝑆𝑖 > 𝑝𝑝 𝑆𝑆1 ∖ 𝑔𝑔3 = 15

✔



Price-Envy-Free [BKV’18]

 Price envy-free (pEF): 
𝑝𝑝 𝑆𝑆𝑖𝑖 ≥ 𝑝𝑝 𝑆𝑆𝑗𝑗 ,∀𝑖𝑖, 𝑗𝑗

 Price envy-free up to removal of one item (pEF1): 
𝑝𝑝 𝑆𝑆𝑖𝑖 ≥ min

𝑔𝑔𝑗𝑗∈𝑆𝑆𝑗𝑗
𝑝𝑝(𝑆𝑆𝑗𝑗 ∖ 𝑔𝑔𝑗𝑗) ,∀𝑖𝑖, 𝑗𝑗

Theorem [BKV’18]: A pEF1 allocation 𝑆𝑆 exists and achieves               
1.45-approx NSW

An integral market equilibrium allocation 𝑆𝑆 = (𝑆𝑆1, … , 𝑆𝑆𝑛𝑛) is called:

May not exist!

Proof (idea):
1. Each item is allocated to an agent who values it the most
2. All agents get almost equal value (up to removal of one item)



Price-Envy-Free [BKV’18]

 Price envy-free (pEF): 
𝑝𝑝 𝑆𝑆𝑖𝑖 ≥ 𝑝𝑝 𝑆𝑆𝑗𝑗 ,∀𝑖𝑖, 𝑗𝑗

 Price envy-free up to removal of one item (pEF1): 
𝑝𝑝 𝑆𝑆𝑖𝑖 ≥ min

𝑔𝑔𝑗𝑗∈𝑆𝑆𝑗𝑗
𝑝𝑝(𝑆𝑆𝑗𝑗 ∖ 𝑔𝑔𝑗𝑗) ,∀𝑖𝑖, 𝑗𝑗

Theorem [BKV’18]: A pEF1 allocation 𝑆𝑆 exists and achieves               
1.45-approx NSW

An integral market equilibrium allocation 𝑆𝑆 = (𝑆𝑆1, … , 𝑆𝑆𝑛𝑛) is called:

May not exist!

No polynomial algorithm is known!

Theorem [BKV’18]: If all 𝑣𝑣𝑖𝑖𝑗𝑗 = {0, 𝑟𝑟𝑖𝑖𝑖𝑖𝑗𝑗} integer powers of 𝑟𝑟 > 1, 
then there exists a polynomial algorithm to compute a pEF1 allocation



While 𝑆𝑆 is not pEF1 
𝑘𝑘 ← arg min

𝑖𝑖
𝑝𝑝 𝑆𝑆𝑖𝑖 //least spender

𝑇𝑇 ←Agents and items that can reach 𝑘𝑘 in MBB residual network

Algorithm
𝑘𝑘

𝑇𝑇



While 𝑆𝑆 is not pEF1 
𝑘𝑘 ← arg min

𝑖𝑖
𝑝𝑝 𝑆𝑆𝑖𝑖 //least spender

𝑇𝑇 ←Agents and items that can reach 𝑘𝑘 in MBB residual network
If 𝑙𝑙 can reach 𝑘𝑘 in 𝑇𝑇 such that 𝑝𝑝 𝑆𝑆𝑙𝑙 ∖ 𝑔𝑔𝑙𝑙 > 𝑝𝑝(𝑆𝑆𝑖𝑖)

Pick the nearest such 𝑙𝑙
𝑃𝑃 ← Path from 𝑙𝑙 to 𝑘𝑘
𝑆𝑆 ← Reassign items along 𝑃𝑃

Algorithm
𝑘𝑘

𝑙𝑙-1

𝑙𝑙

𝑔𝑔𝑙𝑙

𝑔𝑔𝑙𝑙−1

𝑃𝑃



Algorithm

While 𝑆𝑆 is not pEF1 
𝑘𝑘 ← arg min

𝑖𝑖
𝑝𝑝 𝑆𝑆𝑖𝑖 //least spender

𝑇𝑇 ←Agents and items that can reach 𝑘𝑘 in MBB residual network
If 𝑙𝑙 can reach 𝑘𝑘 in 𝑇𝑇 such that 𝑝𝑝 𝑆𝑆𝑙𝑙 ∖ 𝑔𝑔𝑙𝑙 > 𝑝𝑝(𝑆𝑆𝑖𝑖)

Pick the nearest such 𝑙𝑙
𝑃𝑃 ← Path from 𝑙𝑙 to 𝑘𝑘
𝑆𝑆 ← Reassign items along 𝑃𝑃

𝑘𝑘

else increase prices of items in 𝑇𝑇 by a same factor until 
Event 1: A new MBB edge appears
Event 2: 𝑘𝑘 is not least spender anymore
Event 3: 𝑆𝑆 becomes pEF1

𝑇𝑇

𝑝𝑝



Analysis [BKV’18]

min
𝑖𝑖
𝑝𝑝 𝑆𝑆𝑖𝑖 max

𝑖𝑖
min
𝑔𝑔𝑖𝑖∈𝑆𝑆𝑖𝑖

𝑝𝑝 𝑆𝑆𝑖𝑖\g𝑖𝑖

Lemma 3: After a polynomial many iterations, the min𝑖𝑖 𝑝𝑝 𝑆𝑆𝑖𝑖
increases by at least a factor of 𝑟𝑟 when each 𝑣𝑣𝑖𝑖𝑗𝑗 = {0, 𝑟𝑟𝑖𝑖𝑖𝑖𝑗𝑗}

(Lemma 1) (Lemma 2)



Approach

1. Round each 𝑣𝑣𝑖𝑖𝑗𝑗 to nearest integer power of 𝑟𝑟 (𝑣𝑣𝑖𝑖𝑗𝑗 ≈ 𝑣𝑣′𝑖𝑖𝑗𝑗 = 𝑟𝑟𝑖𝑖𝑖𝑖𝑗𝑗) 
2. Compute an pEF1 allocation for 𝑣𝑣𝑖𝑖𝑗𝑗′

3. This gives an approximate pEF1 

Theorem [CCG.GHM’18]: There exists a polynomial algorithm to 
obtain a 1.45-approx NSW when agents have separable concave 
with budget-additive valuations

Theorem [BKV’18]: There exists a polynomial algorithm to obtain 
a 1.45-approx NSW when agents have additive valuations



Agenda
 NSW via spending-restricted equilibrium 

 Additive [CG’15, CDGJMVY’17]
 Budget additive [G.HM’18]
 Separable concave [AMOV’18] 

 NSW via integral equilibrium with limited envy
 Additive [BKV’18]
 Separable Concave + Budget additive [CCG.GHM’18]

 NSW via matchings 
 Non-symmetric agents with Submodular [G.KK’19]

 Summary & Open Questions 

$1 budget, $1 spending limit
no envy fractional allocation

flexible budget
integral allocation 
minimize envy



The non-symmetric NSW Problem

 Non-symmetric NSW was proposed in [Harsanyi-Selten’72, Kalai’77] 
and has been extensively studied and used in many applications
 Agent 𝑖𝑖 has a weight of 𝑤𝑤𝑖𝑖



The non-symmetric NSW Problem

 Non-symmetric NSW was proposed in [Harsanyi-Selten’72, Kalai’77] 
and has been extensively studied and used in many applications
 Agent 𝑖𝑖 has a weight of 𝑤𝑤𝑖𝑖

 Allocation 𝑆𝑆 = (𝑆𝑆1, … , 𝑆𝑆𝑛𝑛) is partition of items to agents

 𝑆𝑆∗: allocation maximizing the NSW
 Goal: design algorithms for computing 𝑆𝑆 with the least possible 𝜌𝜌

such that

NSW 𝑆𝑆 = �
𝑖𝑖∈𝐴𝐴

𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖
𝑤𝑤𝑖𝑖

1/ ∑𝑖𝑖 𝑤𝑤𝑖𝑖

𝜌𝜌. NSW 𝑆𝑆 ≥ NSW(𝑆𝑆∗)

weighted geometric mean of agents’ valuations



Example (additive)

[10, 10, 1]

[1, 2, 1]

𝑆𝑆
1

1

𝑤𝑤𝑖𝑖

NSW(𝑆𝑆) = 101 ⋅ 31 1/𝑖



[10, 10, 1]

[1, 2, 1]

2

1

𝑤𝑤𝑖𝑖 𝑆𝑆

NSW(𝑆𝑆) = 10𝑖 ⋅ 31 1/3

Example (additive)



[10, 10, 1]

[1, 2, 1]

2

1

𝑤𝑤𝑖𝑖

NSW(𝑆𝑆) = 10𝑖 ⋅ 31 1/3 < 20𝑖 ⋅ 11 1/3 = NSW(𝑆𝑆𝑆)

𝑆𝑆′

Example (additive)



𝑛𝑛: # of agents        𝑚𝑚: # of items

SC ⊂ OXS ⊂ GSAdditive ⊂ ⊂ Submodular ⊂ XOS ⊂ Subadditive 
Budget additive

Non-symmetric Agents:

Valuation Lower bound Upper Bound

Additive
Budget additive 

Separable concave
1.069 2𝑛𝑛

OXS
Gross-Substitutes 1.069 O(𝑛𝑛 log𝑛𝑛)

Submodular 1.58 O(𝑛𝑛 log𝑛𝑛)

XOS
Subadditive 1.58 O(𝑚𝑚)



𝑛𝑛: # of agents        𝑚𝑚: # of items

SC ⊂ OXS ⊂ GSAdditive ⊂ ⊂ Submodular ⊂ XOS ⊂ Subadditive 
Budget additive

Non-symmetric Agents:

Valuation Lower bound Upper Bound

Additive
Budget additive 

Separable concave
1.069∗ 2𝑛𝑛

OXS
Gross-Substitutes 1.069 O(𝑛𝑛 log𝑛𝑛)

Submodular 1.58† O(𝑛𝑛 log𝑛𝑛)

XOS
Subadditive 1.58 O(𝑚𝑚)

∗[G.HM’18] †[G.KK’19]



non-negative monotone: 𝑣𝑣 𝑆𝑆 ≤ 𝑣𝑣 𝑇𝑇 , 𝑆𝑆 ⊆ 𝑇𝑇

Submodular: 𝑣𝑣 𝐴𝐴 ∩ 𝐵𝐵 + 𝑣𝑣 𝐴𝐴 ∪ 𝐵𝐵 ≤ 𝑣𝑣 𝐴𝐴 + 𝑣𝑣 𝐵𝐵 , ∀𝐴𝐴,𝐵𝐵
𝑣𝑣 𝐴𝐴 ∪ 𝑗𝑗 ≤ 𝑣𝑣 𝐵𝐵 ∪ 𝑗𝑗 , ∀𝐴𝐴 ⊆ 𝐵𝐵

SC ⊂ OXS ⊂ GSAdditive ⊂ ⊂ Submodular ⊂ XOS ⊂ Subadditive 
Budget additive

Subadditive:             𝑣𝑣 𝐴𝐴 ∪ 𝐵𝐵 ≤ 𝑣𝑣 𝐴𝐴 + 𝑣𝑣 𝐵𝐵 , ∀𝐴𝐴,𝐵𝐵



Non-symmetric agents with subadditive valuations



Matching
 𝑛𝑛 agents, 𝑚𝑚 items 

Claim: Suppose 𝑚𝑚 = 𝑛𝑛, then a maximum weight matching (MWM) 
outputs the optimal NSW allocation for non-symmetric agents and 
subadditive valuations

NSW 𝑆𝑆 = �
𝑖𝑖∈𝐴𝐴

𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖
𝑤𝑤𝑖𝑖

1/ ∑𝑖𝑖 𝑤𝑤𝑖𝑖

⋮ ⋮

⋮ ⋮
𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑗𝑗)

max
S

NSW 𝑆𝑆 ≡ max
S

�
𝑖𝑖

𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑆𝑆𝑖𝑖)



Matching: 𝑚𝑚 > 𝑛𝑛

Claim [NR’14]: A MWM outputs an (𝑚𝑚 − 𝑛𝑛 + 1)-approx NSW 
allocation 𝑆𝑆 for non-symmetric agents with subadditive valuations

Question: Is it possible to obtain a factor independent of 𝑚𝑚? 

Proof: At optimal allocation 𝑆𝑆∗, each agent gets at most 𝑚𝑚 − 𝑛𝑛 + 1 items

𝑔𝑔𝑖𝑖𝑖 ≥

⋮ ⋮

⋮ ⋮

⋮

⋮
𝑔𝑔11 ≥ 𝑔𝑔𝑖1 ≥

𝑔𝑔1𝑖𝑖 ≥

𝑁𝑁𝑆𝑆𝑁𝑁 𝑆𝑆∗ ≤ 𝑚𝑚 − 𝑛𝑛 + 1 �
𝑖𝑖

𝑣𝑣𝑖𝑖 𝑔𝑔1𝑖𝑖
𝑤𝑤𝑖𝑖/ ∑𝑖𝑖 𝑤𝑤𝑖𝑖

𝑁𝑁𝑆𝑆𝑁𝑁 𝑆𝑆 ≥�
𝑖𝑖

𝑣𝑣𝑖𝑖 𝑔𝑔1𝑖𝑖
𝑤𝑤𝑖𝑖/ ∑𝑖𝑖 𝑤𝑤𝑖𝑖

⋮ ⋮

⋮ ⋮
𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑗𝑗)

⋮

𝑆𝑆∗:

max
S

NSW 𝑆𝑆 ≡ max
S

�
𝑖𝑖

𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑆𝑆𝑖𝑖)



Repeated Matching

 Repeatedly run the MWM on the 
remaining items

⋮

⋮

⋮ ⋮𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑆𝑆𝑖𝑖 ∪ 𝑗𝑗)

⋮

⋮

⋮

⋮

⋮

⋮
⋮

⋮

𝑆𝑆𝑖𝑖

[G.KK’19] No factor better than Ω 𝑚𝑚 even for symmetric additive!  



Repeated Matching

[G.KK’19] No factor better than Ω 𝑚𝑚 even for symmetric additive!  

⋮

𝑚𝑚
1

1
⋮

𝑚𝑚 + 𝜖𝜖

1



Repeated Matching

⋮

𝑚𝑚
1

1
⋮

𝑚𝑚 + 𝜖𝜖

1

NSW(S∗) ≃ 𝑚𝑚

[G.KK’19] No factor better than Ω 𝑚𝑚 even for symmetric additive!  



Repeated Matching

⋮

𝑚𝑚
1

1
⋮

𝑚𝑚 + 𝜖𝜖

1

NSW(S∗) ≃ 𝑚𝑚

NSW(𝑆𝑆) ≃ 2𝑚𝑚

Each matching is myopic in nature
First matching killed the welfare!

[G.KK’19] No factor better than Ω 𝑚𝑚 even for symmetric additive!  



Repeated & Re-Matching [G.KK’19]

 Phase 1: Repeatedly run MWM for log𝑛𝑛
iterations using weights 𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖 𝑗𝑗

⋮

⋮

⋮ ⋮𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑗𝑗)

⋮

⋮

⋮

⋮

⋮

⋮
⋮

⋮



Repeated & Re-Matching [G.KK’19]

 Phase 1: Repeatedly run MWM for log𝑛𝑛
iterations using weights 𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖 𝑗𝑗
 𝐶𝐶𝑖𝑖: set of items allocated to agent 𝑖𝑖

⋮

⋮

⋮ ⋮𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑗𝑗)

⋮

⋮

⋮

⋮

⋮

⋮
⋮

⋮

𝐶𝐶𝑖𝑖



Repeated & Re-Matching [G.KK’19]

 Phase 1: Repeatedly run MWM for log𝑛𝑛
iterations using weights 𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖 𝑗𝑗
 𝐶𝐶𝑖𝑖: set of items allocated to agent 𝑖𝑖

⋮

⋮

⋮ ⋮

⋮



Repeated & Re-Matching [G.KK’19]

 Phase 1: Repeatedly run MWM for log𝑛𝑛
iterations using weights 𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖 𝑗𝑗
 𝐶𝐶𝑖𝑖: set of items allocated to agent 𝑖𝑖

⋮

⋮

⋮ ⋮𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑆𝑆𝑖𝑖 ∪ 𝑗𝑗 )

⋮

⋮

⋮

⋮

⋮

⋮
⋮

⋮

 Phase 2: Initialize 𝑆𝑆𝑖𝑖 ← ∅
Repeatedly run MWM on the remaining 
items using weights 𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 ∪ 𝑗𝑗

𝑆𝑆𝑖𝑖



Repeated & Re-Matching [G.KK’19]

 Phase 1: Repeatedly run MWM for log𝑛𝑛
iterations using weights 𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖 𝑗𝑗
 𝐶𝐶𝑖𝑖: set of items allocated to agent 𝑖𝑖

⋮

⋮

⋮ ⋮𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖(𝑆𝑆𝑖𝑖 ∪ 𝑗𝑗 )

⋮

⋮

⋮

⋮

⋮

⋮
⋮

⋮

 Phase 2: Initialize 𝑆𝑆𝑖𝑖 ← ∅
Repeatedly run MWM on the remaining 
items using weights 𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 ∪ 𝑗𝑗

 Phase 3: Repeatedly run MWM on 
remaining items in ⋃𝑖𝑖{𝐶𝐶𝑖𝑖} using weights
𝑤𝑤𝑖𝑖 log 𝑣𝑣𝑖𝑖 𝑆𝑆𝑖𝑖 ∪ 𝑗𝑗

Theorem: RepReMatch obtains a 2𝑛𝑛 log𝑛𝑛-approx NSW allocation 
for non-symmetric agents with submodular valuations



Analysis (for additive)

ℎ𝑖𝑖𝑖 ≥ ⋯ ≥ ℎlog 𝑛𝑛
𝑖𝑖

⋮ ⋮

⋮ ⋮

⋮

⋮
ℎ11 ≥ ℎ𝑖1 ≥ ⋯ ≥ ℎlog 𝑛𝑛1

ℎ1𝑖𝑖 ≥
𝑆𝑆∗:

𝑔𝑔𝑖𝑖𝑖 ≥ ⋯

⋮ ⋮

⋮ ⋮

⋮

⋮
𝑔𝑔11 ≥ 𝑔𝑔𝑖1 ≥ ⋯

𝑔𝑔1𝑖𝑖 ≥
�
𝑖𝑖

𝐶𝐶𝑖𝑖 ∶

Claim: There is a feasible matching with items in ⋃𝑖𝑖{𝐶𝐶𝑖𝑖} which 
gives each agent 𝑖𝑖 at least 𝑣𝑣𝑖𝑖(𝑔𝑔1𝑖𝑖 )
Proof (sketch): In the first iteration, at least half of the agents 𝑖𝑖 are 
matched with either 𝑔𝑔1𝑖𝑖 or better. Apply Induction! 



Analysis (for additive)

Proof (sketch): 
 In each matching, no agent loses more than (𝑛𝑛 − 1) items in her 

bundle at 𝑆𝑆∗

 If they get their first item (or better) in the first iteration, then the 
algorithm is 𝑛𝑛-approx

 For the first item, in the rematch phase 3, they may lose at most 
𝑛𝑛 log𝑛𝑛 items, so overall it is 𝑛𝑛 log𝑛𝑛-approx! 

Theorem [G.KK’19]: RepReMatch obtains a 2𝑛𝑛 log𝑛𝑛-approx NSW 
allocation for non-symmetric agents with submodular valuations



Valuation Lower bound Upper Bound

Additive
Budget additive 

Separable concave
1.069 1.45

OXS
Gross-Substitutes 1.069 O(𝑛𝑛 log𝑛𝑛)

Submodular 1.58 O(𝑛𝑛 log𝑛𝑛)

XOS
Subadditive 1.58 O(𝑚𝑚)

𝑛𝑛: # of agents        𝑚𝑚: # of items

Symmetric Agents:

Summary & Open Questions
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𝑛𝑛: # of agents        𝑚𝑚: # of items

Non-symmetric Agents:

Summary & Open Questions



The non-symmetric NSW Objective (additive)

Non-linear integer program:

max �
𝑖𝑖

�
𝑗𝑗

𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗
𝑤𝑤𝑖𝑖

1/ ∑𝑖𝑖 𝑤𝑤𝑖𝑖

�
𝑖𝑖∈𝑁𝑁

𝑥𝑥𝑖𝑖𝑗𝑗 ≤ 1, ∀𝑗𝑗 ∈ 𝑀𝑀

𝑥𝑥𝑖𝑖𝑗𝑗 ∈ 0, 1 , ∀𝑖𝑖 ∈ 𝑁𝑁, 𝑗𝑗 ∈ 𝑀𝑀



The non-symmetric NSW Objective (additive)

Non-linear integer program:

max
1

∑𝑖𝑖 𝑤𝑤𝑖𝑖
�
𝑖𝑖

𝑤𝑤𝑖𝑖 log�
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𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗

�
𝑖𝑖∈𝑁𝑁

𝑥𝑥𝑖𝑖𝑗𝑗 ≤ 1, ∀𝑗𝑗 ∈ 𝑀𝑀

𝑥𝑥𝑖𝑖𝑗𝑗 ∈ 0, 1 , ∀𝑖𝑖 ∈ 𝑁𝑁, 𝑗𝑗 ∈ 𝑀𝑀



max
1

∑𝑖𝑖 𝑤𝑤𝑖𝑖
�
𝑖𝑖

𝑤𝑤𝑖𝑖 log�
𝑗𝑗

𝑣𝑣𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗

�
𝑖𝑖∈𝑁𝑁

𝑥𝑥𝑖𝑖𝑗𝑗 ≤ 1, ∀𝑗𝑗 ∈ 𝑀𝑀

Relaxation: Eisenberg-Gale Convex Program

Optimal Solutions ≡ Market equilibrium with incomes 𝑤𝑤𝑖𝑖′𝑠𝑠

𝑥𝑥𝑖𝑖𝑗𝑗 ≥ 0, ∀𝑖𝑖 ∈ 𝑁𝑁, 𝑗𝑗 ∈ 𝑀𝑀



Approach via Spending-Restricted Equilibrium

NSW problem →
Market equilibrium 

with budget 𝑤𝑤𝑖𝑖 dollars
and spending restriction 

of $1 on each item 
↓

Round it to an integral allocation

C



Approach via integral equilibrium with limited envy

Integral market equilibrium 
with flexible budget

and price envy free 
up to removal of 1 item

C



Next Talk (Nima):
Nash Social Welfare and Stable Polynomials

Thank You!



 [CG’15] Richard Cole and Vasilis Gkatzelis. Approximating the Nash social 
welfare with indivisible items. STOC 2015 

 [CDGJMVY‘17] Richard Cole, Nikhil R. Devanur, Vasilis Gkatzelis, Kamal 
Jain, Tung Mai, Vijay V. Vazirani, and Sadra Yazdanbod. Convex program 
duality, Fisher markets, and Nash social welfare. EC 2017

 [AMOV’18] Nima Anari, Tung Mai, Shayan Oveis Gharan, and Vijay V. 
Vazirani. Nash social welfare for indivisible items under separable, piecewise-
linear concave utilities. SODA 2018

 [G.HM’18] Jugal Garg, Martin Hoefer, and Kurt Mehlhorn. Approximating the 
Nash social welfare with budget-additive valuations. SODA 2018

 [BKV’18] Siddharth Barman, Sanath Kumar Krishnamurthy, and Rohit Vaish. 
Finding fair and efficient allocations. EC 2018

 [CCG.GHM’18] Bhaskar Ray Chaudhury, Yun Kuen Cheung, Jugal Garg, 
Naveen Garg, Martin Hoefer, and Kurt Mehlhorn. On Fair Division for 
Indivisible Items. FSTTCS 2018

 [G.KK’19] Jugal Garg, Pooja Kulkarni, and Rucha Kulkarni. Approximating 
Nash social welfare under submodular valuations. Unpublished, 2019
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